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Abbreviations
This list is ordered alphabetically by abbreviation.
CNO

carbon-nitrogen-oxygen

EoS

equation of state

HSE

hydrostatic equilibrium

LMXB

low mass X-ray binary

MXRB

massive X-ray binary

qLMXB quiescent low mass X-ray binary
LTE
pp

local thermodynamic equilibrium
proton-proton

TOV

TolmanOppenheimerVolkoff equation

XRB

X-ray burster

PRE

Photospheric Radius Expansion
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Symbols
Symbols
ρ

mass density

P

pressure

L

luminosity

F

flux

F∞

apparent flux at the infinity (for a remote observer)

g

gravitational acceleration

zg

surface redshift

T

temperature

Teff

effective temperature (at surface)

∞
Teff

effective temperature at the infinity (for a remote observer)

M

mass of the neutron star

R

radius of the neutron star

R∞

apparent radius of a neutron star for a remote observer

Rbb

Blackbody raduys

fc

color correction factor
refers to the sun; e.g., , M for one solar mass

κe

Thomson scattering opacity
7
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κν

monochromatic, or frequency dependent, opacity

Constants1
c

speed of light; c = 2.99792458 × 1010 cm s−1

G

gravitational constant; G = 6.67259(85) × 10−8 cm3 g−1 s−2

h

Planck constant; h = 6.6260755(40) × 10−27 erg s

~

Planck constant over 2π; ~ = 1.05457266(63) × 10−27 erg s

ρ0

density of a heavy atomic nucleus; ρ = 2.8 × 1014 g cm−3

me

mass of electron; me = 9.1093897(54) × 10−28 g

mp

mass of proton; mp = 1.6726231(10) × 10−24 g

mn

mass of neutron; mn = 1.6749286(10) × 10−24 g

mH

mass of hydrogen; mH = 1.6733 × 10−24 g

λc

Compton wavelength; λc = h/me c = 0.0243 Å

kB

Boltzmann constant; kB = 1.380658(12) × 10−16 erg K−1

σSB

Stefan-Boltzmann constant; σSB = 5.6705(19) × 10−5 erg s−1
cm−2 K−4

RS

Schwarzschild radius; RS = 2GM/c2 ∼ 2.95M/M km

a

1

radiation density constant; a = 4σSB /c = 7.566 × 10−15 erg
cm−3 K−4

M

solar mass; M = 1.9891 × 1033 g

σT

Thompson cross-section; σT = 6.65 × 10−25 cm2

The constant values were obtained from [WIS14].

Part I

Theoretical Review of
Neutron Stars and X-Ray
Bursters
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Chapter 1

A Brief Story of Light
Silence. The Big Bang starts the universe. For almost 400 thousand
years the universe was opaque to the light. During these primordial years,
most of the photons in the universe were interacting with electrons and protons in a photon and baryon fluid. However, when the baryonic matter in the
universe gained free electrons during the period of recombination, it became
neutral, thereby releasing the photons. This produced the oldest light in
the universe, the cosmic microwave background (CMB), strong evidence of
the Big Bang. When the photons were released (or decoupled), the universe
became transparent [Pad93][Wei93] [Gut97].
Most information about the universe that reaches our detectors arrives
as photons. In Astronomy, the total electromagnetic spectrum is used, consisting of all wavelengths, ranging from very short wavelength gamma rays
(∼ 1 Å) and X-rays (0.1 − 100 Å) to very long wavelength radio waves.
Like all waves, electromagnetic waves carry both energy and momentum in
the direction of propagation. Moreover, the study of astrophysical objects,
such as neutron stars, is possible due the photons that escape from their
photospheres. For this reason, we start our journey by briefly introducing
the Physics of how light transmits information.

1.1

Light as a Wave and a Particle

In the XVII century, Christian Huygens described light as consisting
of waves, where the distance between two waves crest is the wavelength,
λ, and the number of waves per second passing through a point in space
is the frequency, ν of the wave [Huy90]. The speed of the light wave is
related as c = λν. A demonstration of the wave character of light was
11
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possible through the double-slit experiment, in which monochromatic light
from a single source passes through two narrow parallel slits. The light
falls upon a screen beyond the slit into a series of interference fringes. This
demonstrated the superposition principle of light. Where two waves meet,
they add algebraically, producing constructive or destructive interference.
In the XIX century, James Clerk Maxwell stated that the wave equation
predicted the existence of electromagnetic wave: transverse wave equations
for oscillatory electric and magnetic field vectors [Max61]. A few years later,
Heinrich Hertz produced radio waves in his laboratory and confirmed their
reflection, refraction, and polarization properties [Her88].
In the beginning of the XX century, Max Planck discovered the empirical
formula to fit the blackbody spectra together with the beginning of the quantification of energy [Pla01]. He assumed that a standing electromagnetic
wave could not acquire any arbitrary amount of energy, instead, the wave
could have only specific allowed energy values that were integral multiples of
a minimum wave energy. This is the quantum of energy given by E = hν or
E = hc/λ, where h = 6.626 × 10−27 erg s is the Planck constant. Moreover,
the energy of an electromagnetic wave was given by En = nhν where n is
an integer of the number of quanta of the wave.
Despite the wave nature of light, the explanation to the continuous spectrum of radiation led to the complementary particle description of light. In
1905, Albert Einstein explained the photoelectric effect. This effect is demonstrated when light shines on a metal surface, ejecting electrons [Ein05b]. The
kinetic energy does not depend on the brightness of the light shining. Moreover, increasing the intensity of monochromatic light source would eject more
electrons but would not increase their kinetic energy. To increase the ejection of electrons, one would have to increase the frequency of the light. The
energy of a single photon of frequency ν is related to the Planck’s quantum
energy Eγ = hν.
The most convincing evidence that light has a particle-like nature was
given a few years later by Arthur Holly Compton [Com23]. He measured the
change in the wavelength of X-ray photons when scattered by free electrons.
Because photons are massless particles that move at speed of light, the
momentum of a photon was related to energy as Eγ = pγ c. When a photon
and a free electron collide, the photon is scattered at an angle θ. The photon
loses energy to the electron, and its wavelength is increased by
∆λ ≡ λfinal − λinitial =

h
(1 − cos θ),
me c

where me is the mass of the electron, and λc = h/me c = 0.0243 Å is

1.2. INTENSITY OF LIGHT AND SPECTRA OF HOT OBJECTS
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the Compton wavelength, the characteristic change in the wavelength of the
scattered photon.
The final piece for the wave-particle duality was brought by Louis deBroglie in that same time [deB24]. He stated that the energy and moment
of a photon, E = hν and p = h/λ, could be used to define a frequency and
wavelength for all particles, not only photons but massive electrons, atoms,
etc.

1.2

Intensity of Light and Spectra of Hot Objects

Any object in nature with a temperature above absolute zero emits light
of all wavelengths with varying degrees of efficiency. A blackbody is an ideal
emitter, isotropically reflecting as much or more energy at every frequency
than any other body at the same temperature. It has a characteristic continuous spectrum, with a shape depending on the temperature. The radiation
they emit is called blackbody radiation. Star and planets are blackbodies
at a first approximation. The blackbody function for a specific intensity of
nonpolarized blackbody radiation can be given in terms of wavelength:
Bλ (T ) ≡

2hc2
1
,
hc
5
λ e kB λ T − 1

(1.1)

2h ν 3
1
,
c2 e khν
BT − 1

(1.2)

~ ω3
1
,
~ω
3
2
4π c e kB − 1

(1.3)

or in terms of frequency:
Bν (T ) ≡
or in terms of angular frequency:
Bω (T ) ≡

where kB = 1.380658(12) × 10−16 erg K−1 is the Boltzmann constant; h =
6.6260755(40) × 10−27 erg s is the Planck constant; ~ = 1.05457266(63) ×
10−27 erg s is the Planck constant over 2π; and T is the temperature in
kelvin. The blackbody temperature is also referred as Tbb when the distinction is needed.

1.2.1

Intensity of Radiation

In the vacuum, a light ray does not spread (or diverge) and the intensity
is constant. However, in the presence of matter, the specific intensity varies

14
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with direction. For an isotropic radiation field (with the same intensity
in all directions), such as the blackbody radiation, we can calculate the
mean intensity of the radiation by integrating the specific intensity over all
directions, and dividing by 4π sr, the solid angle enclosed by a sphere:
1
hBν i =
4π

1.2.2

Z

1
Bν dΩ =
4π

Z

2π

Z

π

Bν sin θdθdφ.
φ=0

(1.4)

θ=0

Wien’s Displacement Law

As the temperature of a blackbody increases, it emits more energy per
second across all wavelengths. A blackbody spectrum peaks at a maximum
wavelength related to the object’s temperature by the Wien’s displacement
law [Wie98] [NIS14]:
λmax T ≡ 2.8977721(26) cm K.

1.2.3

(1.5)

Luminosity

In the end of the XIX century, Josef Stefan and Ludwig Boltzmann
showed that the luminosity, L (energy emitted per second), of a blackbody
of area A = 4πR [cm] and temperature T [K] is given by:
L ≡ 4πR σSB T 4 [erg s−1 ],

(1.6)

4 /(60~3 c2 ) ∼ 5.670×10−5 erg s−1 cm−2 K−4 , is the Stefanwhere σSB = π 2 kB
Boltzmann constant [Ste79] [Bol84].
To prove this, we calculate the monochromatic luminosity assuming that
each small patch of the object’s surface area, dA, emits blackbody radiation
isotropically. The emitted energy per second having frequencies between ν
and ν + dν can be obtained by integrating the luminosity through the solid
angle dΩ = sin θdθdφ (yielding π) and area (yielding 4πR2 ):

Lν dν = Bν (T ) dν · dA cos θ · dΩ,
Z ∞
2 2
L = 4π R
Bν (T ) dν,
0

= 4π 2 R2

σSB T 4
[erg s−1 ].
π

1.3. THE FORMATION OF SPECTRAL LINES
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Flux and Distance of Sources

The measure of a source’s intrinsic brightness is linked to its distance.
The brightness of a star is measured in terms of the received radiant flux,
F . The radiant flux is the total amount of light energy of all wavelengths
that crosses a unit area oriented perpendicular to the direction of the light’s
travel in unit time, i.e., the number of ergs of starlight energy arriving per
second over one square centimeter of a detector aimed to the star:
E
[erg cm−2 s−1 ].
At
The radiant flux received from an object also depends on both its intrinsic luminosity, L (defined in the Eq. 1.6), and its distance from the observer,
D. This is also know as the Inverse Square Law for light:
F ≡

F ≡

1.3

L
R
= 2 σSB T 4 [erg cm−2 s−1 ].
2
4πD
D

(1.7)

The Formation of Spectral Lines

The distinctions between the spectra of stars with different temperatures
are due to electrons occupying different atomic orbitals in the atmospheres
of these stars. The details of spectral line formation result from the fact that
electrons can be found in any of the atom’s orbitals and atoms can be in any
of various stages of ionization. For this reason, we use statistical mechanics
to describe the formation of spectral lines in astrophysical objects.
For a gas in thermal equilibrium, the fraction of particles having a given
speed is described by the Maxwell-Boltzmann distribution function [Max59].
The number of gas particles per unit volume having a speed between v and
v + dv is:
 m 3/2
2
nv dv = n
e−mv /2kT 4πv 2 dv,
(1.8)
2πkB T
where n is the total number density (number of particles per unit volume)
and m is an individual particle’s mass. The exponent is the ratio of a gas
particles kinetic energy, 1/2mv 2 , to the characteristic thermal energy, kB T ,
[Car96].
Most of the particles do not have an energy much greater or much smaller
than the thermal energy, such that the distribution
peaks when these enp
ergies are at the most probably speed, vmp = 2kB T /m. The high-speed
exponential tail of the distribution function results in a higher
p average temperature, increasing the root-mean-square speed, vrms = 3kB T /m. The

16
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atoms of a gas lose or gain energy as they collide and their distribution in
the speeds produces a distribution of the electrons among the atomic orbitals. This distribution is governed by a fundamental result of statistical
mechanics that states that orbitals of lower energy are more likely to be
occupied by electrons.
To understand how these distributions create the spectrum of a given
object, let s1 stand for the set of quantum numbers that identifies a state of
energy E1 for a system of particles, and let s2 be the set of quantum numbers
that identifies a state of energy E2 . The energy levels of the system may be
degenerate, with more than one quantum state having the same energy (e.g.,
E1 = E2 ), and each of the degenerate states must be counted separately. To
account for the number of states that have a given energy, we can define g1
to be the number of states with energy E1 , and similarly, g2 for E2 . These
are the statistical weights of the energy level.
The ratio of the probability that the system is in the state s2 to the
probability that the system is in the state s1 is given by [Bol72]:
P (E2 )
g2 e−E2 /kB T
g2
=
= e−(E2 −E1 )/kB T ,
−E
/k
T
1
B
P (E1 )
g1
g1 e

(1.9)

where the term e−E/kB T is called the Boltzmann factor, which explain the
relative number of atoms in different stages of ionization.
For a gas at high temperatures, the thermal collisions of the atoms ionize
some of the atoms. Electrons that are usually bound to the atom are ejected
from the atom and they form an electron gas coexisting with the gas of
atomic ions and neutral atoms. This state of matter is called a plasma.
Since stellar atmospheres contain a vast number of atoms, we can write the
ratio of probabilities as the ratio of the number of atoms of a given element
in a specified state of ionization:
N2
g2 e−E2 /kB T
g2
=
= e−(E2 −E1 )/kB T .
N1
g1
g1 e−E1 /kB T
Now, let i be the ionization energy necessary to remove an electron from
an atom in the ground state, from ionization state i to state i + 1 (e.g., , for
hydrogen, the energy needed to convert HI to HII ). An average of all the
possible partitioning of orbital energy has to be calculated. This procedure
involves finding the partition functions, Z, for the initial and final atoms.
The partition function is the weighted sum of the number of ways the atom
can arrange its electrons. For example, more energetic configurations should
receive less weight from the Boltzmann factor when taking the sum. Writing

1.4. REDSHIFT AND GRAVITATIONAL REDSHIFT
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Ei as the energy of the ith energy level, and gi as the degeneracy of that
level, the partition function is:
Z ≡ g1 +

∞
X

gi e−(Ei −E1 )/kB T .

i=2

The expression that relates the ionization state of an element to the
temperature and pressure is given by the Saha equation [Sah21]. It describes
the degree of ionization of the plasma as a function of the temperature,
density, and ionization energies of the atoms. We obtain the Saha equation
by using the partition functions Zi and Zi+1 for the atom in its initial and
final states of ionization (i.e., the ratio of the number of atoms in stage i + 1
to the number of atoms in stage i):
Ni+1
2Zi+1  2π me kB T 3/2 −i /kB T
=
e
,
(1.10)
Ni
n e Zi
h2
where ne is the number of free electrons, and me is the electron mass. The
factor 2 is due to the two possible electron spins. A simple observation for
this equation is that as the number density of free electron increases, the
number of atoms in the higher stage of ionization decreases (since there are
more electrons to recombine).
Optionally, we can also express the pressure of the free electrons, Pe ,
using the ideal gas law Pe = ne kB T :
Ni+1
2kB T Zi+1  2πme kB T 3/2 −i /kB T
=
e
.
Ni
P e Zi
h2

1.4

Redshift and Gravitational Redshift

A wave is a disturbance that travels through a medium. In the case of
electromagnetic waves, the wave always travel at the same speed in similar
medium, i.e., its is independent of the motion of the light source [Ein05a].
Since c = λν, the effects of motion between two referential should be observed on λ or ν. If an object is moving relative to an observer, the light it
emits can be modified by this motion. If the light is moving away, this shift
to a longer wavelength, called redshift. If the source is moving toward, the
shift is for a shorter wavelength, called blueshift. A redshift parameter z is
used to describe this change:
z≡

∆tobs
λobs − λrest
=
− 1.
λrest
∆trest

(1.11)

18
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where ∆t is the time observed between two light wave crest.
The gravitational redshift decreases the frequency of the light as it travels
upward a distance h:
∆ν
v
gh
=− =− 2.
ν0
c
c
Let us first see the results under weak gravity to show the first-order
correction to the frequency of the photon. We can obtain an approximate
expression for the total gravitational redshift of a beam of light that escapes
out to infinity by integrating the above expression from the initial position
r0 to infinity. We use the Newtonian gravity, g = GM/r2 , and h = dr, for
a spherical mass, M , located at the origin, for some local inertial reference
frame. By integrating, we add the redshifts obtained for several of different
frames. The radial coordinate r can be used to measure distances for these
frames if spacetime is nearly flat (e.g., if the radius of curvature is very
large compared to r0 ). Let ν0 and ν∞ be the frequencies at r0 and infinity,
respectively:
Z ν∞
Z ∞
ν 
dν
GM
GM
∞
∼ −
dr
←→
ln
∼ − 2,
2
2
ν
ν0
r0 c
ν0
r0 r c
which is valid when gravity is weak (r0 /r = GM/r0 c2  1). This can be
rewritten as :
ν∞
GM
2
∼ e−GM/r0 c ∼ − 2 .
ν0
r0 c
Nevertheless, for astrophysical objects such as neutron stars, we are interested in the exact result for the gravitational redshift, valid for a strong
gravitational field. In this case, we have:
ν∞ 
2GM 1/2
= 1−
.
ν0
r0 c2
The gravitational redshift can be incorporated into the redshift parameter in Eq. 1.11, giving:
zg =


ν0
ω0
2GM −1/2
λ∞ − λ0
=
−1=
−1 = 1−
− 1.
λ0
ν∞
ω∞
r0 c2

(1.12)

This shows the results of the gravitational time dilation, i.e., time pass slowly
as the surrounding spacetime becomes curved.
To understand the above results, we need to take the curvature of the
space into the account. Space will not be flat in the vicinity of a massive
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object, requiring a description of the metric of the curved spacetime that will
replace the one for a flat spacetime. Albert Einstein realized that the paths
followed by freely falling objects through spacetime are geodesics, where
mass tells how the spacetime is curved and how spacetime acts on mass,
telling it how to move. Any freely falling particle follows the straightest
possible worldline, a geodesic, through spacetime. For a massive particle,
the geodesic has a maximum or a minimum interval, while for light, the
geodesic has a null interval. In other words, in a curved spacetime, the
spacetime interval between two points, s2 = ∆r2 − c2 ∆t2 , along a timelike
geodesic (i.e., c2 ∆t2 > ∆r2 ) is an extreme, either a maximum or a minimum,
when compared with the intervals of nearby worldliness between the same
two events. A massless particle such as photon flows a null geodesic (lightlike
interval) with:
Z p
(ds)2 = 0.
In spherical coordinates, the metric between two nearby points in flat
space is (dl)2 = (dr)2 + (rdθ)2 + (r sin θdφ)2 , thus the corresponding expression for the flat spacetime metric is:
(ds)2 = (cdt)2 − (dr)2 − (rdθ)2 − (r sin θdφ)2 .
The metric that describes the curved spacetime surrounding a spherical
mass, M is giving by the solutions of the Einstein field equation. For instance, the Schwarzschild metric is a vacuum solution (the only spherically
symmetric vacuum solution), and it is valid only in the empty space, outside
the object:
!2
!2
r
dr
2GM
2
(ds) = c dt 1 −
− p
− (rdθ)2 − (r sin θdφ)2 .
2
rc2
1 − 2GM/rc
(1.13)
p
We see that for a curved space, the factor 1 − 2GM/rc2 plays a role
in the metric: the curvature of space resides in the radial term. The angular
terms are the same as those for flat spacetime. Therefore, the radial distance
measured simultaneously (dt = 0) between two nearby points on the same
radial line (dθ = dφ = 0) is just the proper distance:
p
dr
,
dL = −(ds)2 = p
1 − 2GM/rc2
and the spatial distance dL between two points on the same radial line is
greater than the coordinate difference dr.

20
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Finally, the Schwarzschild metric also incorporates time dilation and the
gravitational redshift (two aspects of the same effect):
r
ds
2GM
dτ =
= dτ 1 −
,
c
rc2
since dτ < dt, this shows that times passes more slowly when closer to the
mass M [Mis73].

Chapter 2

Formation and Basic
Properties of Neutron Stars
The final stages of stellar evolution result in the production of a white
dwarf, or a neutron star, or a black hole. These compact objects are formed
when nuclear fusion in the stellar core fails to produce sufficient radiation
pressure to support the star, resulting on the core collapsing under its own
gravity. Low mass stars end their evolution as a white dwarf, while more
massive stars become supernovae and leave behind a neutron star or a black
hole.
The main objective of this thesis is to be able to understand some properties and underlying principles of neutron stars’ atmospheres. Neutron
stars are the most compact (densest) stellar remnant that have a boundary
(i.e., that can be observed). They have a typical mass of M ∼ 1 − 2M ,
where M = 1.9891 × 1033 g (solar mass). Their radii are extremely small,
ranging R ∼ 10 − 13 km [Pot14]. The density of neutron stars is in average ρ̄ ∼ 1015 g cm−3 , which is a few times larger than the typical densities
of heavy atomic nucleus, ρ0 = 2.8 × 1014 g cm−3 . The extreme physical
conditions of the matter encountered inside neutron stars cannot be reproduced in any terrestrial laboratory, which makes the study of these objects
extremely important to reveal the underlying Physical laws and to test the
general theory of relativity. There are several theoretical models possible
to describe the equations that govern the interior of neutron stars, and a
definitive solution is still not available [LP01].
21
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2.1

Birth and Life of Neutron Stars

To maintain its luminosity, a star must have sources of energy contained
within, either nuclear or gravitational. With the depletion of hydrogen in
the core, the generation of energy via the pp-chain must stop. However,
the core temperature has increased to the point that the nuclear fusion
continues to generate energy in many different compositions shells. For an
isothermal core to support the material above it in hydrostatic equilibrium,
the required gradient must be the result of a continuous increase in density
in the center of the star. The mass of an isothermal core can be increased
if an additional source of pressure can be found to supplement the ideal gas
pressure. This occurs if the electrons in the gas becomes degenerate. When
the density of a gas becomes sufficiently high, the electrons in the gas must
occupy the the lowest available energy levels. Since electrons are fermions,
they start occupy progressively higher energy states. In the case of complete
degeneracy, the pressure of the gas is due to the nonthermal motions of the
electrons, and it becomes independent of the temperature of gas. If the
electrons are nonrelativistic, the pressure of a complete degenerate electron
gas is given by Pe ∝ ρ5/3 .
Completing the main-sequence phase of stellar evolution, a sequence of
evolutionary stages which involve nuclear burning happens in the cores of
stars, together with nuclear burning in concentric mass shells. At various
times, core burning in a mass shell may cease, accompanied by a readjustment of the structure of the star. This readjustment may involve expansion
or contraction of the envelopes and the development of convection zones,
until the core begins to collapse. The destiny of the star now is defined by
its mass.

2.1.1

The Chandrasekhar Limit

The Chandrasekhar limit is the maximum mass of a stable white dwarf
star. First, a relation between the radius and mass of these objects can be
found using an estimate of the central pressure to the electron degeneracy
pressure [Car96]:
2
(3π 2 )2/3 ~2
π G ρ2 R 2 =
3
5
me

"

Z ρ
A mH

#5/3
,
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where mH is the hydrogen mass. Assuming constant density, ρ = M/(4/3πR3 ),
leads to an estimate of the radius:
"
#5/3
~2
Z 1
(18π)2/3
RChandra ∼
.
1/3
10
A mH
G me M
Chandra

The volume of the object is inversely proportional to its mass, so more
massive objects are actually smaller. The electrons must be closely confined to generate the larger degeneracy pressure required to support a more
massive star. The limit to the amount of matter that can be supported
by electron degeneracy pressure is then (the electron speed is changed to
v = c):
"
#4/3
(3π 2 )1/3
ρ.
P =
~c Z/A
,
4
mH
Approaching the Chandrasekhar limit leads to the collapse of the degenerate core, resulting in a Type II supernova. This limit can give the
maximum mass by equating this equation to the estimate of central pressure.

2.1.2

Neutronization

If the initial mass of the star on the main sequence was not too large
(M < 35M ) the remnant in the inner core will stabilize and become a
neutron star, supported by degenerate neutron pressure. If the initial stellar
mass is much larger, even the pressure of neutron degeneracy cannot support
the remnant against the pull of gravity, and the final collapse can produce
a black hole [Hea80].
Because neutron stars are formed when the degenerate core of an aging
supergiant star nears the Chandrasekhar limit and collapses, a typical neutron star mass contains M ∼ 1.4M /mn ∼ 1057 neutrons. Its nucleus has
a mass number of A ∼ 1057 , that is held together by gravity and supported
by neutron degeneracy pressure:
RNS ∼

(18π)2/3 ~2
1
.
1/3
8/3
10
GM
m
NS

H

At ρ ∼ 106 g cm−3 , the electrons become relativistic. The minimum
energy arrangement of protons and neutrons changes since the energetic
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electrons can convert protons in the iron nuclei into neutrons by the process
of electron capture:
p+ + e− → n + νe .
Because the neutron mass is slightly greater than the sum of the proton
and the electron masses (mn c2 − mp c2 − me c2 = 0.78 MeV), the electron
must supply the kinetic energy for the difference.
The density must be larger than ρ = 109 g cm−3 for the protons in iron
nuclei to capture electrons. The most stable arrangement of nucleus is with
neutrons and protons in a lattice of neutron-rich nuclei, i.e., neutronization.
In general, these neutrons would revert to protons via β-decay, however
since the electrons are completely degenerate, there are no vacant states for
emitted electrons, thus the neutrons cannot decay back into protons.
When the density reaches ρ ∼ 4 × 1011 g cm−3 , the minimum-energy
arrangement is one where some of the neutrons are free, outside the nuclei.
The result of two fermions coming together is a boson, and so is not subject
to the Pauli exclusion principle. Degenerate bosons can all be in the lowest
energy state, and the fluid of paired neutrons cannot lose any energy. It is
a superfluid that flows without resistance (no viscosity).
As the density increases further, the number of free neutrons increases as
the number of electrons declines. The neutron degeneracy pressures exceeds
the electron degeneracy pressure when the density reaches ρ ∼ 4 × 1012
g cm−3 . As the density approaches the density of the nuclei, they dissolve
and there is no distinction between neutrons inside or outside of nuclei. This
fluid is a mixture of free neutrons, protons, and electrons, all dominated by
neutron degeneracy pressure (the ratio n : p : e is about 8 : 1 : 1).
During the first day, the neutron stars cool by emitting neutrinos by
Urca process:
n → p+ + e− + ν̄e
p+ + ē → n + νe
This process can continue as long as the nucleons are not degenerate,
and it is suppressed after the protons and neutrinos settle into the lowest
unoccupied energy states. The degeneracy occurs about one day after the
formation of the neutron star, when the temperature dropped to T ∼ 109 K.
The neutron star is a few hundred years old when its internal temperature
declined to T ∼ 108 K, with a surface temperature of several million kelvins.
The surface temperature will be around Teff ∼ 106 K for a few thousand
years. The blackbody luminosity of an 1.4M neutron star with this surface
temperature shows that the primary radiation is in the form of X-rays.
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Anatomy of a Neutron Star

With exception of the detection of neutrinos, there is no direct way to
observe the central regions of neutron stars. Nevertheless, as we have seen
above, stellar evolution is the result of a constant fight against the inward
pull of gravity by the outward force of radiation pressure. Using physical
principles, we can generalize the anatomy of a neutron star into five parts
[Sea83] [Pot14]:
Core: Density of ρ ∼ ρ0 ∼ 1015 g/cm3 . The composition of the superdense
matter in the core remains uncertain. It may contain quark gluon
plasma or more exotic forms of matter. The composition of the star’s
deep interior varies according to the physics of the equation of state
assumed.
Neutron Fluid: Density of 1014 g/cm3 < ρ ≤ ρ0 . Thickness is on the order
of 10 kilometers. Composed of a neutron superfluid in equilibrium to
a small superfluid of protons and electrons.
Inner Crust: Density of 4.3 × 1011 g/cm3 < ρ ≤ 1014 g/cm3 . Thickness is
on the order of one kilometer. Composed of a lattice of neutron rich
nuclei coexisting with a superfluid of neutron gas and electron gas.
Outer Crust: Density of 106 g/cm3 < ρ ≤ 4.3 × 1011 g/cm3 (the boundary
lies at the critical neutron-dip density [PGC11]). Thickness is on the
order of one kilometer and it is composed of a solid Coulomb lattice of
heavy nuclei (e.g., iron), and degenerate gas. Absence of free neutrons.

Photosphere: Density of ρ ≤ 106 g/cm3 . Thickness is on the order of
centimeters. The source of the observed thermal radiation, which is
dependent on the temperature, surface gravity, and magnetic field.
The composition of neutron star surfaces is unknown, and neutron stars
in different environments could have different atmospheric conditions. Spectra generated by atmospheres of many different compositions will be different
from blackbody or grey-body emission, and this is one of the objects of study
in this work.
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2.2
2.2.1

Properties of Neutron Stars
Mass and Radius

The masses of neutron stars are of theoretical interests for two main
reason. First, they place constraints on nuclear physics (determining the
equation of state of matter at extremely high temperatures) and the general
relativity theory (the equation of state governs the limiting mass of a stable
neutron star). Second, as we have seen above, when it comes to the study
of stellar evolution, highly massive stars develop a degenerate core that
grows by accretion of mass from the surrounding stellar envelope. As the
mass of this core approaches the Chandrasekhar limiting mass, MChan ∼
1.4M , a thermonuclear runaway and collapses can lead to a supernova and
in some cases to the production of a neutron star. The mass of this newborn
neutron star is comparable to that of its progenitor. If a large fraction of
observed neutrons stars are found near to MChan , the stellar evolution theory
is supported [Jos76].
The radius of a neutron star, R, is determined by the equatorial length
2πR. This is related to the mass, M , and they can be obtained by a solution
of the hydrostatic equilibrium equation for a given equation of state (EoS).
The EoS defines the relation of dependence between pressure, P ; density, ρ;
and temperature, T . A condition of hydrostatic stability is that the density
at the stellar center has to increase with mass. Since the pressure in the
interior of neutron stars is mainly due by highly degenerate fermions, with
Fermi energies F  kB T , the calculations of R and M are independent of
the temperature in the core.

2.2.2

Magnetic Fields and Photospheric Opacities

Magnetic field environments of neutron star atmospheres can be many
orders of magnitude large than any value we are able to produce in terrestrial
scales. The order of magnitude estimate is about B ∼ 1−4×1012 G [Pot14].
These values are still below theoretical limits, of the order of Bmax ∼ 1018−19
G, which are obtained by equating the gravitational energy of the star to
its electromagnetic energy [CF53].
In stellar atmospheres, radiation interaction with matter is described in
terms of opacities. These opacities take into account the absorption and
scattering cross sections per unit of mass in the system, as we will describe
in future chapters.
In partially ionized photospheres, the magnetic field can have a strong
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effect on opacity. Because of the high density of neutron star photospheres,
highly excited states do not survive because of their low binding energies
(pressure ionization is the process that make bound states vanish with the
increase of density).
In this thesis we show many results of neutron stars atmosphere modeling, i.e., their radiation spectra. Zavlin et al. [Zea96] showed the conditions
that make it possible to calculate the neutron star spectrum without accounting with the magnetic field. Opacities of fully ionized atmospheres
do not depend on magnetic field at the frequencies ω that are much larger
than the electron cyclotron frequency, ωc . This correspond to the energies
Ec ≡ ~ωc ∼ 11.6 × 1012 keV. Thus, for energies that correspond to the
maximum of a thermal spectrum,
Ethermal = ~ω ∼ (1 − 10) kB T,
we are able to neglect the magnetic field effects on opacities if:
me c
B 
kB T ∼ 104 T [G].
~e
In this thesis we analyze the atmospheric models of quiescent low-mass
X-ray binaries (i.e., cooling X-ray bursters, refer to next section). They are
neutron stars that produce X-ray bursts, rather than pulses. This indicate
that their magnetic fields are weak or negligible. The observed spectrum of
X-ray bursters, with their evolution during the long burst and posterior relaxation, are successfully interpreted with nonmagnetic atmosphere models
[Pot14] [Sul10].

2.2.3

Effective Temperature and Blackbody Radius

The blackbody function can be used to make connection between the
observed properties of a star (e.g., the intensity of photons we see, i.e., the
radiant flux) and its intrinsic properties (e.g., radius or temperature).
A typical spectral analysis of a stellar object is made by calculating
the temporal variation of the blackbody temperature, Tbb , the (bolometric)
flux, F , and the blackbody radius, Rbb . From Eq. 1.7, the radius of such a
blackbody emitting a flux at a distance D, is:
"
#1/2
F
Rbb = D
.
(2.1)
4
σSB Tbb
This quantity can be calculated if the distance is known, and with measurements of the bolometric fluxes and the blackbody temperatures.
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Neutron stars have spectra that are observationally shaped by a blackbody function, but they look harder than a blackbody at the effective temperature of the atmosphere. The effective temperature of an object, Teff , is
defined as the total radiative flux, F , going through 1 cm2 at the surface of
this object [BV81].
In the case of spherical neutron stars, R can be taken as their radii.
Thus, the temperature at their surfaces, T = Teff , is calculated from Eq.
1.6:
"
#1/4
L
Teff =
.
(2.2)
4πR2 σSB
In the following chapters, when we learn about X-ray bursters’ decays,
we will see that we can compose a diagram of log F versus log kB Tbb . In
this case, as a result, the value of Rbb is approximately constant (i.e., the
cooling track is a straight line), proportional to the (color) corrections for
the effective temperatures and the redshift for the surface gravity (defined
below).

2.2.4

Compactness and Surface Gravity

The compactness parameter of an astrophysical object is given by:
cg =

RS
,
R

(2.3)

where RS = 2GM/c2 ∼ 2.95M/M km is the Schwarzschild radius (Eq.
1.13).
While the compactness parameter of a star such as the Sun is cg, ∼
10−5 , the compactness parameter of a typical neutron star is cg, NS ∼ 0.2 −
0.5. When an object has a large compactness parameter, the general relativistic effects become non-negligible.
Nevertheless, as long as the neutron star atmosphere is geometrically
thin, the only gravitational effect that is relevant for their study is the surface
gravity. We can write the gravity at the neutron star surface as:
g=

R2

GM
GM
p
=
(1 + zg ) [cm s−2 ],
R2
1 − cg

(2.4)

with the redshift parameter, zg , given by Eq. 1.12, or by:
zg = (1 − cg )−1/2 − 1.

(2.5)
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As a consequence of the surface gravity, the proprieties of the emitted
radiation as seen by an observer on the neutron star surface, including luminosity and the effective temperatures, will be different from those measured
by an observer far from the surface. The thermal spectrum for a temperature Teff at the surface (Eq. 2.2), is seen by a remote observer as a lower
temperature:
Teff
Teff,∞ =
.
(2.6)
(1 + zg )
The apparent radius of a neutron star for a remote observer is given by:
R∞ = R(1 + zg ).

(2.7)

The apparent photon luminosity for the effective temperature at the surface (Eq. 1.6) is:
L∞ =

L
2
4
.
= 4π σSB R∞
T∞,eff
(1 + zg )2

(2.8)

Assuming that the emission is isotropic (which may not be the case), we
can convert flux directly from luminosity (Eq. 1.7):
 R 2
∞
4
F∞ =
.
(2.9)
σSB T∞,eff
D

2.2.5

Simultaneous Measurements of the Mass and the Radius

Using Discrete Features in the Spectra
If a discrete feature (a spectral line) were present and identified in a
spectrum, one would have a direct measurement of the gravitational redshift
of the neutron surface and thus the ratio M/R. First, by relating the Eqs.
2.4 and 1.12, we have:
"
#
g 2 R3 
c4 1/2
M= 2
1+ 2 2
−1 .
(2.10)
c G
g R
Proof. Solving for the two equations, gives a quadratic equation for M :
GM 
2GM −1/2
g = 2 1−
,
R
Rc2

2GM  GM 2
g2 1 −
=
Rc2
R4
2 3
g 2 R4
2g R
M2 =
M
−
= 0,
Gc2
G2
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which solution gives the desired result.

A simultaneously measurement of zg and R = R∞ (1 + zg )−1 would completely solve Eq. 2.101 :
M=

h
i
c2
R∞ (1 + zg )−1 1 − (1 + zg )−2 .
2G

(2.11)

Using the Effective Temperature at Surface
In the next section we will learn about neutron stars with thermal spectra. We can approximate neutron stars to blackbodies2 , described by the
Eq. 1.3, to find an approximate relationship between M and R. In this case,
using the Wien’s displacement law from Eq. 1.5, the position of the spectral
maximum is defined as Teff,∞ , the effective temperature at the surface of the
neutron star. A second measurement is given by the total bolometric flux
of the neutron star. These two quantities can be plugged into with Eq. 2.9,
if the star is located at a known distance D, to find R∞ .
Spectral modeling of neutron stars is the main study performed in this
thesis. It includes solving the equations of hydrostatic equilibrium, energy
balance, and radiative transfer. Coefficients of these equations depend on
the chemical composition of the atmosphere, effective temperature at the
surface, surface gravity, and magnetic field. With the known shape of the
neutron star spectrum, we can calculate F and evaluate R∞ . A simultaneous
evaluation of zg (e.g., by identification of spectral features) naturally leads
to the calculation of M .
Nevertheless, the neutron star spectra may depend on other parameters.
For example, the spectrum should be modified by the absorption of interstellar matter, when the photons are traveling through space. In addition,
the temperature distribution is not guaranteed to be uniform over the entire
neutron star surface. These corrections are beyond the studies of this thesis.

1

The quantity observed is R∞ /D, determined from the bolometric flux. However, D
is usually uncertain.
2
The approximation is to a diluted blackbody, which will demand the calculation of the
color correction factors, as we will see in the following chapters.

Chapter 3

Neutron Stars with Thermal
Spectra
Neutron stars can be divided into accreting objects and isolated objects.
The former accretes matter from a companion and can have transient active accreting periods alternating with quiescent periods (when the accretion
stops). The radiation from the accreting neutron stars is due to the matter
being accreted, forming a hot boundary layer at the surface. Nevertheless,
a great part of the radiation from isolated neutron stars and from the transients in quiescence period originates at the surface or in the atmosphere
(the transparent layers of gas overlying the opaque interior). In this chapter
we review the classes of neutron stars that can be probed by radiation, or
the neutron stars’ thermal spectra.
A stellar atmosphere is the plasma layer in where the electromagnetic
spectra forms, and from where the radiation escapes into space. Photons
come from these layers, releasing the energy produced by the thermonuclear
reactions in the source’s center. Stellar atmospheres are divided into a lower
part, the photosphere, where radiative transfer dominates, and the upper
part, where the temperature is determined by processes other than radiation
transfer. This last is not found in neutrons stars, thus we do not discriminate
between atmosphere and photosphere in these objects [Pot14].
The thermal spectra of neutron stars contain information about the
chemical composition, the temperature at the surface (Teff ), the magnetic
field, the mass, and the radius1 . To interpret this spectrum we must under1

The spectrum of a neutron star in general include contributions caused by different
processes than the thermal emission: processes in pulsar magnetospheres, pulsar nebulae,
etc., which are beyond the scope of this work.
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stand how light travels trough these layers of gas, and this will be the focus
of the next chapter.

3.1

X-ray Bursters

In the 1970’s, with the launch of the Uhuru satellite, astronomers noted
that short bursts of X-ray were being emitted by sources near to center of
our galaxies or in globular clusters [Lew81]. The Uhuru Catalog, issued in
four versions with the last being the 4U, was the first comprehensive X-ray
catalog. It contained 339 X-ray sources and covered the whole sky in the
2-20 keV energy band [Fea78].
The X-ray bursts were first observed to be neither isolated or nor of
any fixed schedule. They rather appeared on irregular intervals from several hours to days. They released great amounts of X-rays, reaching their
maximum intensities (Ereleased ∼ 1039 ergs), with the surface reaching a
temperature of Teff ∼ 3 × 107 K (the double of Sun’s central temperature),
in a few seconds (equal to the energy emitted by the Sun at all wavelengths
in two weeks). After this, they would fade to a steady form.
For instance, one of the sources observed at that time by Uhuru, 4U 182030 near to the globular cluster NGC 6624, was reported to show two intense
X-ray bursters with less than one second of rise times and peak luminosities
20 times larger than the quiescent luminosity. The source also showed an
exponential decay of only a few seconds. The cause of these short busters
was soon attributed to thermonuclear burning in an accreted material in
the surface of a neutron star [WT76] [Hor75] [Cav77]. It was pointed out
that the nuclear energy coming outward from the surface layers (due the
nuclear burning in the interior layers) would be independent of the source of
energy that was being radiated directly from the neutron star’s photosphere
(due the burning of the accreted material and the strong surface gravity on
these particles) [Ros73]. In addition, it was shown that the nuclear burning
of these accreted particles should be unstable and lead to thermonuclear
flashes. This would be caused by unstable burning of a several meters thick
layer of accreted hydrogen and helium on the surface of neutron stars from a
binary companion. The energy of these flashes could produce variable X-ray
emission from the neutron star, but with shorter times than the time scales
of the known X-ray pulsars at that time [Hor75].
Nowadays we see that X-ray bursters are observed to exhibit a large
variety of shapes. They can show spiky peaks, shoulders, and tails, and
some show all of these features. Burst from different sources usually look
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different, and burst from one source usually seem similar [Bil00] [vdHea04]
[Lew77]. In the rest of this chapter we discuss the many classes of X-ray

bursters, focusing on the thermonuclear Type
I X-ray busters, in general
found in low-mass binary systems. These objects’ atmospheres are the main
subject of study in this thesis. For more in depth overviews about X-ray
bursters, please see the following review articles: [Lew81] [Lew77] [Jos80]
[Lew93] [Bil00] [SB03].

3.1.1

Type I X-ray Bursters

In a semidetached system containing a neutron star, hot gas is transferred
through the inner Lagrangian point from the distended atmosphere of the
companion star. Due the energy released when the gas falls down the deep
gravitational potential well onto the compact object, many of these systems
emits huge quantities of X-rays. The gravitational energy released from
matter accreted into a neutron star of mass M and radius R is:
GM mp
∼ 200MeV,
R
per nucleon, where mp is the mass of the proton. This is much more than
the energy released from thermonuclear fusion,
Egrav ≡

Enuc ∼ 5MeV,
per nucleon. Thus, the disparity in efficiency of energy release shows that the
neutron star must store power for enough accreted fuel, until the conditions
are met to explosively burn. The burning of the accumulated material in the
neutron star atmosphere occurs in radially thin shells, and so it is susceptible
to thermal instabilities. The evidences of this instability was shown with
the discovery of Type I X-ray bursters with low-accretion rate neutron stars
[Bil00].
Type I X-ray bursters are accreting neutron stars in close binary systems, which produce X-ray bursts with intervals from hours to days (fuel
accumulation) followed by a thermonuclear runaway that burns the fuel in
10-100 seconds [Lew77] [Bil00]. After that, they exhibit a spectral softening
as they decay [vP78].
The burst happens when the accretion column produces a hot spot: the
accreted matter is mostly consisting of hydrogen and helium, and piles up on
the surface, until reaching the densities and temperatures of a thermonuclear
burst (hours to days). When a layer of hydrogen a few meters thick accumulates on the surface, a shell of helium burning ignites below that. This
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fusion of helium is explosive and the resulting blackbody spectrum peaks at
X-ray wavelengths. Some of the X-rays may be absorbed by the accretion
disk and re-emitted as visible light, so an optical flash is sometimes seen a
few seconds after the X-ray burst.
As the burst luminosity declines in a matter of seconds, the spectrum
matches that of a cooling blackbody with a radius of R ∼ 10 km, consistent
with the presence of a neutron star. During the intervals between bursts,
the object’s atmosphere does not differ from the atmosphere of a cooling
neutron star, where the observed X-ray radiation arises from transformation
of gravitational energy of accreting matter into thermal radiation. During
this decline, the radiation comes from the heat that was formerly deposited
in the crust (during the active period). The soft X-ray transients that have
recently turned into quiescence can be used to probe the state of the neutron
star crust by the decline of Teff . After a time that can vary from a few hours
to a day or more, another layer of hydrogen accumulates and another X-ray
burst is triggered.

3.1.2

Type II (Accretion Instabilities) X-ray Bursters

Type-II X-ray bursters are referred as rapid bursters since they recur
more frequently than Type I, usually on the time scales of minutes or seconds. Up to a thousand bursts can be seen per day. These bursters are
less energetic and they do not show the spectral cooling during the decay,
as seen in the Type I. They are caused by gravitational instabilities of the
accretion matter, not by thermonuclear reactions, i.e., the burst source is
the gravitational potential energy [Wam79] [Pot14]. Type II X-ray bursters
will not be of interest in this work.

3.2

Binary X-ray Bursters

As a binary X-ray system reaches the end of its evolution, the secondary
star will end up as a white dwarf star, neutron star, or black hole. The effect
on the system depends on the mass of the secondary star. Astronomers have
identified two classes of binary X-ray systems:
• Systems in which the accretion flow onto a compact object occurs in
sporadic bursts with X-ray emission [vP78]. The compact object can
be a white dwarf, a neutron star, or a black hole. These systems are
usually youthful, being born only a few million years ago in interstellar
gas clouds [vdHea04]. As such, these pulsating massive X-ray binaries
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Figure 3.1: This figure shows a pictorial comparison of the profiles of massive
X-ray bursters and low-mass X-ray bursters, based on [vdHea04]. A neutron
star in a young massive binary system (for example, Centaurus X-3) emits
pulses as it rotates (left). A neutron star in low-mass binary systems (for
example, 4U 1820-30), have X-ray bursters that occur sporadically, as the
accreted material onto the surface goes to thermonuclear detonation (right).
tends to concentrate in the plane of the Milky Way, but not towards
the galactic center. Systems with higher-mass secondaries are called
massive X-ray binaries (MXRBs). In MXRBs, the companion may
explode as a supernova [JKR01]. If more than half of the system’s
mass is retained, a pair of neutron stars will circle each other in orbits
that probably have been elongated by the process.
• Systems in which the X-ray burst is caused by thermonuclear flashes
in freshly accreted material onto a neutron star surface [vP78]. These
systems are usually located in the central bulge of the galaxy and
in globular clusters [vdHea04]. These are regions with older stars,
around 5-13 billions of years. Since the neutron star accretes matter
from a less massive star (e.g., a main sequence star or a white dwarf)
in these systems, they are called low-mass X-ray binaries (LMXBs).
In LMXBs, the companion star will become a white dwarf without
disturbing the circular orbit of the system. These systems do not
exhibit pulsations.

3.2.1

LMXBs and qLMXBs

About a quarter of LMXBs are found within globular clusters, where
there is a high number of stars, making the gravitational capture of a neutron
star more likely. The neutron stars in LMXBs may also have been formed
by the accretion-induced collapse of a white dwarf. In some of LMXBs,
periods of large accretion alternate with longer (months to years) periods of
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quiescence (when accretion stops). In these quiescent periods, these objects
are named quiescent-LMXBs (qLMXBs), and the X-ray radiation comes
from the heated surface of the neutron star [Pot14]. Because low-mass stars
are small, the two stars must orbit more closely if mass is to be transferred
from one star to other. For this reason, the LMXBs have short orbital
periods, from days to minutes2 .
The visible-light spectra of the aged X-ray binaries is not similar to those
of normal stars. They grow brighter toward the blue end of the spectrum and
some of their radiation emerges at distinct wavelengths. Such a spectrum
would be produced by an in-flowing disk of gas heated by intense X-ray
streaming from inner parts of the disk, right above the neutron star surface.
Emission from the disk almost completely washes out the light from the
companion star. That disparity implies that the companion must be faint,
with mass no great than the Sun.
The LMXBs’ occasional bursts yield a wealth of information about these
systems. Within a few seconds, their X-ray brightness increases by a factor
of 10 or more, during for a few second to a few minutes, and then decaying
to the original level in about a minute. X-ray bursts recur irregularly every
few hours or so. Between bursts, new matter flowing from the companion
star replenishes the nuclear fuel. That steady accretion gives rise to the
persistent emission of X-rays seen between the bursts. Despite the nature of
the burst, LMXBs emit more than 90% of their total energy during times of
quiescence (i.e., we can see the efficiency of accretion compared to fusion)
[vdHea04].

3.2.2

MXRBs and X-ray Pulsars

In MXRBs systems, about half of the objects are X-ray pulsars. This is
consistent with the idea that a MXRB is the product of the normal evolution
of a binary system with a massive star that survived the supernova explosion
of its companion. If one of the stars in a close binary system explodes as a
supernova, the result may be either a neutron star or a black hole orbiting
a companion star.
X-ray pulsars are caused when neutron stars are accompanied by a powerful magnetic field3 . In fact, these fields may be sufficiently strong to
2

The X-ray binary with the shortest period discovered to date is 4U1820-30 in the
galaxy NGC 6624, with an orbital period of only 11.4 minutes. This source also showed a
very long burst of ∼ 3 hours [SB02].
3
Because black holes can have neither a surface nor a strong magnetic field, this account
rules them out of consideration as sources of pulsating X-rays [Lew81].
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prevent the accreting matter from reaching the star’s surface. X-rays are
emitted over a large solid angle. If the neutron star’s magnetic and rotation axes are not aligned, then the X-ray emitting region may be eclipsed
periodically. The result is a binary X-ray pulsar 4 5 6 .
From observations, spectra of millisecond pulsars are usually non-thermal
(however, they can show thermal spectral components)[Pot14]. Due to this
fact and to their large magnetic fields, this category of X-ray bursters is not
of interest in this thesis.

3.3

Photospheric Radius Expansion (PRE)

During the outburst of some X-ray bursters, the luminosity can reach a
critical limit called the Eddington limit, where the radiation pressure exerts
a force on the atmosphere that is greater than the gravitational pull. In this
case, the photosphere lifts off the surface of the neutron star, and the X-ray
bursts lead to the photospheric radius expansion (PRE). This phenomenon
is a prominent tool to simultaneously measure the neutron star masses and
radii [vP90], and their implications are discussed in more details in the
following chapters.

3.3.1

Eddington Luminosity and Eddington Flux

PRE events occurs when the thermonuclear burning at the bottom of the
freshly accreted layer matter can become so powerful that local luminosity
gets close to the Eddington limit,
LEdd =
4

4πGM c
(1 + zg ),
κe

(3.1)

White dwarfs cannot rotate as rapidly as the lower end of this period range without
breaking up. This is one indication that X-ray pulsars are accreting neutron stars.
5
A mechanism capable of producing a binary X-ray pulsar is the accretion-induced
collapse of a white dwarf in a close binary system. If the accreting white dwarf could
surpass the Chandrasekhar limit without exploding as a Type Ia supernova, the resulting
gravitational collapse could produce a neutron star that is an X-ray pulsar with a low-mass
companion.
6
X-ray pulsars are powered by the gravitational potential energy released by accreting
matter. When mass falls from a great distance to the surface of a neutron star, about 10%
of its rest energy is released, an amount that far exceeds the fraction of a percent that
would be produced by fusion. The observed X-ray luminosities range up to 1038 ergs s−1
(the Eddington limit). For a neutron star with a radius of 10 km, the Stefan-Boltzmann
equation shows that the temperature associated with this luminosity is about 2 × 107 K.
According to the Wien’s law, the spectrum of blackbody would peak at X-ray of about
1.5 Å.
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where zg is given by Eq. 2.5 and the Thomson scattering opacity is given by
κe ≡ σT

Ne
∼ 0.2 (1 + X) cm2 g−1 ,
ρ

where σT = 6.65 × 10−25 cm2 is the Thompson cross-section; ρ is the gas
density, Ne is the electron number density; and X is the hydrogen mass
fraction by mass of the photospheric matter. The last term of this equation
is exact if the opacity is dominated by electron scattering.
The total flux emission can be approached to the Eddington (flux) limit
if the matter spreads all the way from the equator to the poles. In this case,
the spectra present peaks in the same order of magnitude of the Eddington
flux,
GM c
LEdd
(1 + zg )−2 =
(1 + zg )−1 .
(3.2)
FEdd =
2
4πD
κe D2
Observationally, the PRE is inferred from the spectral softening of the
lightcurve of the burst. As the photosphere expands, the surface temperature, Teff , decreases. After reaching a minimum, Teff will increase, as the
photosphere contracts. The moment when the photosphere falls back to the
neutron star surface after the PRE event is called touchdown, which is the
moment when the effective temperature, Teff , reaches its maximum, before
decreasing slowly (due to cooling). At the touchdown, the flux is close to
the Eddington limit. During the expansion and contraction phase of the
photosphere, the local luminosity, as measured by a local observer on the
photosphere, remains extremely close to the Eddington luminosity and all
the excess flux is converted to kinetic and gravitation potential energy.
PRE events provide information about the neutron star compactness:
they give an approximation to the Eddington flux (with a distance dependent mass-radius relation), and the maximum effective temperature of the
surface (with a mass-radius relation). Both Teff,max and FEdd depend on the
composition of the atmosphere, as we will see in more details in the following
section.

3.3.2

Atmospheric Color Correction Factor (fc )

The X-ray bursters’ atmospheres are said to have harder model spectra,
which always lie above the corresponding blackbody spectra. This is due
to the fact that these spectra have more high energy photons than a softer
model spectra. The hardening of the X-ray spectra is due to the strong
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frequency-dependent absorption of the atmosphere, as described in the next
chapter7 .
The hardness of the observed (emergent) spectra is evaluated by a multiplicative term called the color correction factor, fc , which is greater than
one. The resulting spectra is named a diluted blackbody function with a color
temperature, Tc :
1
F ≡
B(Tc ),
(3.3)
w0
where w0 is the dilution factor. This factor is believed to be related to the
color correction as w0 = fc−4 . In the next chapters, we will obtain fc and
w0 from our atmospheric models, and we will show results supporting this
hypothesis.
The color correction factor is related to the color temperature as:
fc ≡

Tc
,
Teff

(3.4)

and a first approximation of the color temperature factor suggests that:
fc ∼

T upper layers
.
Teff

In addition, the blackbody temperature is the color temperature as seen
from an observer at Earth:
Tbb = Tc,∞ = fc Teff,∞ =

fc Teff
.
(1 + zg )

Furthermore, an accurate evaluation of fc depends on the characteristics
of the neutron star atmospheres, such as chemical composition and surface
gravity. It is also strongly dependent of the luminosity, when close to the
Eddington limit [Sul10]. Any of the spectral methods to determine the
neutron star masses and radii from X-ray bursters are only possible together
7
Just as an initial reminder, the emergent emission contains the effects of strong gravity
and frequency-dependent opacities. At the temperature (millions of kelvins) which produce
the X-ray emission observed in neutron star, hydrogen and helium are almost entirely
ionized. The dominant term in the opacity is free-free absorption, which falls off ν −3 .
Additionally, Compton scattering is an inelastic effect in these atmospheres that does not
necessary causes the hardening. Instead, it can even make the spectrum be softer. This
is due to the fact that in the rest frame of the electron, the photon loses energy making
the stationary electron move. Switching to the laboratory frame, the photon could either
downscatter or upscatter, depending on parameters such as the speed of the electron or
the energy of the photon.

40

CHAPTER 3. NEUTRON STARS WITH THERMAL SPECTRA

with the determination of these factors for different atmospheric models.
These calculations are one of the results of this thesis.
For instance, in the previous discussion about the PREs, it is important
to note that a small apparent radius, R∞ , at the touchdown does not mean
that the photosphere actually coincides with the neutron star surface. At
luminosities very close to Eddington limit, the color correction factors can
be rather large. If the touchdown actually meant that the photosphere
returned to its original size then the flux would have to be slightly less than
FEdd (or the radiation pressure would continue to push the photosphere
outward). In many analysis available in the literature, best fits have shown
that Ftouchdown > FEdd [SLB10] [SLB13].
Recently, the Rossi X-ray Timing Explorer satellite had over 1400 observations of the 4U 1636-53 low-mass X-ray binary system, and 336 Type
I X-ray bursts were identified. From fits to their time-resolved spectra,
69 of these bursts are shown to have PRE bursts. In addition, 17 of these
PRE bursts showed that after the touchdown the blackbody radius increases
again quickly after 1 second. It was also demonstrated, for the first time,
coherent oscillations in the tail of X-ray bursts, which were associated with
the behavior of the spectral parameters in that phase of bursts [ZMBH12].
Moreover, the emergence of a deeper theoretical understanding of the atmospheric evolution of X-ray bursters become clear, which is one of the main
tasks of this thesis.

3.3.3

The Cooling Phase

We are interested on obtaining simultaneous values for neutron star
masses and radii. These values can be used into the Tolman-OppenheimerVolkov equations to determine the relativistic stellar structure, and reduce
the present uncertainty in the equations of state for the cold dense matter
[LP01] [Lat07]).
After the touchdown, when the burster photosphere is no longer expanding or contracting, it shows a fast cooling with corresponding variations of
the effective temperatures. If the radius of the photosphere is already the
same as the radius of the neutron star at this point (by definition, after
the touchdown), these variations of Teff can only be explained by variations
of fc . This fact provides us a powerful tool by using the cooling track to
constrain the neutron star parameters.
Moreover, in the cooling phase, we can use the relations:
R∞ = R(1 + zg ) = Rbb fc2 ,
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to define the blackbody normalization of the burster as a function of fc :
K≡

"
#!2
km
1
Rbb
= 4
D 10 kpc
fc

"
#!2
R(1 + zg )
km
1
= A4 4 ,
D
10 kpc
fc

(3.5)

where the constant A is defined as the apparent area or normalized emitting
area:
"
#!−1/2
"
#!−1/2
R(1 + zg )
R∞
km
km
A≡
=
,
(3.6)
D 10 kpc
D
10 kpc
which can be used as a spectroscopic quantity since it remains constant
while the flux and the blackbody temperature decreases:
f = A K 1/4 .

3.3.4

(3.7)

Application to Observational Data

If an Estimate of the Distance is Available
If we have a precise measure of the object’s distance, D (i.e., if one
could find a discrete spectral feature in a particular neutron star or the star
is located in a globular cluster), the redshift of such object could be directly
calculated. With this information, Eq. 3.6 would give all the information
needed to uniquely identify the mass and the radius of the neutron star
(from Eq. 2.11):
M=

i2
c5 Afc−4 h
1 − (1 + zg )−2 (1 + zg )−3 ,
4Gκe F∞Edd

and
R=

i
c3 Afc−4 h
1 − (1 + zg )−2 (1 + zg )−3 .
2κe F∞Edd

If an Estimate of the Distance is not Available
Because the evolution of K 1/4 at the late burst stages reflects the evolution of the color correction factor, we can fit the observationally observed
dependence, K −1/4 −F , to the theoretical parameters obtained from simulations, fc −l [Sul10]. The two free parameters are A and FEdd , and combining
them, we obtain a relation for the effective temperature corresponding to
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the Eddington flux on the neutron star surface, corrected for the surface
gravity:
TEdd,∞ =

 gc 1/4 1
1/4
= 6.4 × 109 FEdd A−1 K.
σSB κe
1 + zg

With this quantity, which is independent of the distance, we can express
the neutron star radius and mass through the compactness factor (Eq. 2.3):
R=

c3
cg (1 − cg )3/2 ,
4
2κe σSN TEdd,∞

(3.8)

R
cg M .
2.95[km]

(3.9)

and
M=

Chapter 4

Atmospheric Opacities of
Neutron Stars
The atmospheric opacity of neutron stars is determined by the details
of how photons interact with particles (atoms, ions, free electrons). Both
absorption and scattering remove photons from a beam of light, and contribute to the opacity. In general, it is a function of composition, density,
and temperature. In this section we will study these processes in more
details.

4.1

Opacity Sources

In general, there are four primary sources of opacity available for removing stellar photons from a beam. Each involves a change in the quantum
state of an electron:
• Bound-bound transitions, κν,bb : When an electron in an atom or
ion makes a transition from one orbital to another. An electron makes
an upward transition from a lower to a higher orbit when a photon
of the appropriate energy is absorbed. The bound-bound opacity is
significant only at the discrete frequencies that allow upward atomic
transition. This is the opacity responsible for forming the absorption
lines in the stellar spectra. The reverse emission process occurs when
the electron makes a downward transition from a higher to a lower
orbit. The net result of this absorption-emission sequence is essentially
a scattered photon. A by-product of this absorption process is the
degradation of the average energy of the photons in the radiation field.
43
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• Bound-free absorption, κν,bf : Also know as photoionization, occurs
when an incident photon has enough energy to ionize an atom. The
resulting free electron can have any energy, so any photon with a
wavelength λ ≤ hc/n , where n is the ionization energy of the nth
orbital, can remove an electron from an atom. The bound-free opacity
is one source of the continuum opacity. The cross section for the
photoionization of a hydrogen atom in quantum state n by a photon
of wavelength λ is:
1 λ 
σbf = 1.31 × 10−15 5
cm2 .
n 5000 Å
The inverse process of free-bound emission occurs when a free electron
recombines with an ion, emitting one or more photons in random directions. This opacity also contributes to reduce the average energy
of the photons in the radiation field.
• Free-free absorption, κν,ff : It is a scattering process when a free
electron is in the vicinity of an ion and absorbs a photon, causing the
speed of the electron to increase. This can happen over a continuous
range of wavelengths, therefore this opacity is another contributor to
the continuum opacity. It may also happen that the electron loses
energy as it passes near an ion by emitting a photon, causing the
electron to slow down as a result. This process of free-free emission is
known as bremsstrahlung emission.
• Electron scattering, κes : A photon is scattered by a free electron
through the process of Thompson scattering. The cross section for
Thomson scattering, σT , has the same value for photons of all wavelengths. The small size of the Thomson cross section means that electron scattering is most effective as a source of opacity at high temperatures. In atmospheres of the neutron stars where, most of the
gas is completely ionized, other sources of opacity that involve bound
electrons are eliminated. In this high temperature regime, the opacity
due to electron scattering dominates the continuum opacity.
• Compton scattering and Rayleigh scattering: A photon may
also be scattered by an electron that is loosely bound to an atomic
nucleus. This result is called Compton scattering if the photons wavelength is much smaller than the atom, and Rayleigh scattering if the
photons wavelength is much larger. Rayleigh scattering is proportional
to 1/λ4 and can be neglected in most atmospheric models.
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The primary source of the continuum opacity in most stellar atmospheres
is the photoionization of H − ions, since the assemble of two electrons orbiting
a single proton has a ionization of only  = 0.754 eV. This means that any
photon with wavelength λ ≤ hc
 = 16400 Å can remove an electron from
−
the ion. H ions become increasingly ionized at higher temperatures and
at higher temperature, the photoionization of helium also contributes to the
opacity.

4.1.1

Rosseland Mean Opacity

The total opacity is the sum of the opacities due to all the aforementioned
sources is given by:
κλ = κλ,bb + κλ,bf + κλ,ff + κes
This result depends on the wavelength (or frequency) of the light being
absorbed, together with the composition, density, and surface gravity of the
atmosphere (e.g., the electron number density, the states of excitation and
ionization of the atoms and ions).
The opacity that has been averaged over all wavelengths results in a
function of only the composition, density, and temperature. This average
opacity, κ̄, is known as the Rosseland mean opacity.
There is no simple equation to describe all the individual spectral lines
in the bound-bound transitions. For the average bound-free opacity, an
approximation formula is:
κ̄bf = 4.34 × 1025

ρ
gbf
Z(1 + X) 3.5 [cm2 g−1 ],
t
T

where ρ is the density in g cm−3 ; T is temperature in kelvin; X and Z are
the fractional abundances (by mass) of hydrogen and metals respectively;
and the correction factor, t, is the guillotine factor, describing describe the
cutoff of an atom’s contribution of the opacity after it has been ionized.
For free-free opacities, we have:
κ̄ff = 3.68 × 1022 gff (1 − Z)(1 + X)

ρ
T 3.5

[cm2 g−1 ].

The Gaunt factors, gbf and gff , are quantum mechanical correction terms
and are both ∼ 1 for the visible and ultraviolet wavelengths. It lies between
1 and 100. Note that both formulas have the functional:
κ̄ =

κ0 ρ
,
T 3.5
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Figure 4.1: This figure shows the Rosseland opacities’ dependence on the
energy for the LANL opacities. We can see that at low photon energies, the
free-free opacities are dominant over electron scattering.
where κ0 is a constant. Any opacity with density and temperature dependence obeys the Kramers opacity law [Kra23].
Because the cross section for electron scattering is independent of the
frequency or wavelength, the Rosseland mean for this case is:
κe = 0.2(1 + X) [cm2 gm−1 ].
The final Rosseland mean opacity κ̄ is the average of the sum of the
individual contributors to the opacity:
κ̄ = κbb + κbf + κff + κes .

4.2

Basic Concepts for Neutron Star Atmospheres

As we highlighted in the previous chapters, neutron star spectra deviate
from the blackbody function. For this reason, finding the surface temperature of a particular star can be a complicated task. There are different ways
of defining the temperature of a star:
• Effective temperature (from the Stefan-Boltzmann relation, Eq. 2.2).
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• Excitation temperature (from the Boltzmann equation, Eq. 1.9).
• Ionization temperature (from the Saha equation Eq. 1.10).
• Kinetic temperature (from the Maxwell-Boltzmann distribution, Eq.
1.8).
• Color temperature (by fitting the shape of a stars continuous spectrum
to the blackbody function, Eq. 3.4).
These temperatures are the same for a gas confined within a box because
the blackbody radiation will come into equilibrium. In such steady-state
condition, no net flow of energy through the box or between the matter and
radiation occurs. Every process (e.g., absorption of a photon) occurs a the
same rate as the inverse process (e.g., emission of a photon). This is called
thermodynamic equilibrium.

4.2.1

Local Thermodynamic Equilibrium

A star cannot be in a perfect hydrodynamic equilibrium. A net outward flow of energy occurs through the star surface and the temperature
varies with location on that boundary. As the gas particles collide with
one another and interact with the radiation field by absorbing and emitting photons, the description of the processes of excitation and ionization
becomes quite complex. However, the idealized case of a single temperature
can be employed if the distance over which the temperature changes significantly is large when compared with the distances traveled by the particles
between collisions (i.e., their mean free paths). This is local thermodynamic
equilibrium (LTE), which states that particles and photons cannot escape
the local environment and so are effectively confined to a limited volume of
nearly constant temperature.

4.2.2

Mean Free Paths and Opacity

Consider a beam of parallel light rays traveling through a gas. Any
process that removes photons from a beam of light is called absorption.
This includes scattering of photons (Compton scattering) and absorption of
photons by atomic electrons making upward transitions.
The change in the intensity, dIν , of a ray of frequency ν as it travels
through the gas is proportional to its intensity; the distance traveled, ds;
and the density of the gas, ρ:
dIν = −κν ρIν ds.

(4.1)

48 CHAPTER 4. ATMOSPHERIC OPACITIES OF NEUTRON STARS
where the quantity κν is the frequency-dependent opacity.
The distance is measured along the path traveled by the beam and increases in the direction that the beams travel, the minus sign in the equation
above shows that the intensity decreases with distance due to the absorption
of photons.
The final intensity after light has traveled a distance s is found by integrating Eq. 4.1. For a uniform gas with constant opacity and density, we
have:
Iν = Iν,0 e−κν ρs .
We see that the intensity declines exponentially falling by a factor of e−1
over the characteristic distance of l = 1/κν ρ. Thus, for scattered photons,
the mean free path of photons is defined as:
l=

1
1
=
κν ρ
nσν

.

4.2.3

Optical Depth

When observing the light from a star, we are looking back along the path
traveled by the photons. The optical depth of a light ray can be defined as the
number of mean free paths passed from the original position to the surface,
and written as:
dτν = −κν ρds.
If the optical depth of the light ray starts at the point τν = 1, the
intensity of the ray will decline by a factor of e−1 before escaping from the
star. If τν  1 for a light ray passing through a volume of gas, the gas is
said to be optically thick. If τν  1, the gas is optically thin. Because the
optical depth varies with wavelength, a gas may be optically thick at one
wavelength and optically thin at another1 .

4.2.4

Random Walk and Displacement

In equilibrium, neutron star atmospheres do not exhibit any change in
the total energy. Absorption and emission of energy must be precisely in
balance (any process that adds photons to a beam of light is called emission). The processes of absorption and emission redirect the paths and energies of the photons in the atmosphere. The individual photons travel only
1
For instance, the Earth’s atmosphere is optically thin at visible wavelengths and thick
to X-ray wavelengths.
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temporarily with the beam since they are repeatedly scattered in random
directions.
The transport of energy through a star by radiation is in general very
inefficient. As the photon diffuses upward through the stellar material, it
follows the so-called random walk, which is a large number, N , of randomly
direct steps, each of length, l. From statistical mechanics,
the displacement,
√
d, is related to the size of√each step, l, as d = l N . While the distance to
the surface is d = τλ l = l N , the average numbers of steps that a photon
takes to leave the surface (traveling d) is N = τλ2 , for τλ  1.

4.2.5

Radiation Pressure

The temperature of the neutron star atmosphere decreases with increasing radius, thus the radiation pressure is smaller when far from the center.
The gradient in the radiation pressure produces the movement of photons
towards the surface that carries the radiative flux:
dPrad
κ̄ρ
=−
Frad ,
dr
c
The transfer of energy by radiation is a process involving the upward diffusion of randomly walking photons, drifting toward the surface in response
to the gradient in the radiation pressure.

4.2.6

Radiation Intensity

The increase of the radiation intensity, dIν , is proportional to ds and to ρ.
It also changes as the photons within the beam are removed by absorption or
are replaced by photons emitted from the surrounding material. Considering
the decrease in intensity due to absorption to the pure emission, we have:
dIν = −κν ρIν ds + jν ρds,
[cms−3 sr−1 ]

where jν
wavelength).

4.2.7

(4.2)

is the emission coefficient of the gas (which varies with

The Transfer Equation

The rates at which the processes of emission and absorption compete
determines how fast the radiation intensity changes. It can be obtained by
dividing Eq. 4.2 by −κν ρds:
−

1 dIν
jν
= Iν − ,
κν ρ ds
κν
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where Sν = κjνν it is called source function and describes how photons within
the beam are removed and replaced by photons from the surrounding gas. In
thermodynamic equilibrium, the source function is equal to the blackboard
function, Sν = Bν (intensity is constant). At a depth where the photon
mean free path is small compared to a limited volume, local thermodynamic
equilibrium (LTE) is satisfied and the source function is equal to the Planck
function.
Moreover, we can rewrite the transfer equation in terms of the optical
depth as:
dIν
= Iν − Sν .
dτν
The optical depth should be replaced by a meaningful measure of position. A vertical optical depth, τν,v (z) is defined as:
Z 0
τν,v (z) =
κν ρdz.
z

Thus, the transfer equation can be rewritten as:
cos θ

dIν
= Iν − Sν
dτν,v

This form of the transfer equation is employed when dealing with the
approximation of a plane-parallel atmosphere. The opacity can be assumed
to be independent of wavelength if you take it to be equal to the Rosseland
mean opacity, κ̄. A stellar atmosphere in which the opacity is assumed to
be independent of wavelength is considered a gray atmosphere, reflecting its
indifference to the spectrum of wavelengths.
The assumption of a gray atmosphere is good for the majority of stars
for which the photoionization of H − ions is the primary source of opacity,
because the opacity does not vary rapidly with wavelength. If we write κ̄
instead of κ, the vertical optical depth no longer depends on wavelength.
The remaining wavelength dependencies may be removed by integrating the
transfer equation over all wavelengths.

4.3

Brief History of Atmospheric Models

In the past three decades, a range of neutron star atmosphere models were made available in the literature. They present the dependence of
the emergent surface flux2 versus the frequency (or energy) of the photons.
2

For some authors, the flux is presented over 4π, referenced as HE .
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Atmospheric calculations are based on parameters such as chemical composition (e.g., the hydrogen mass fraction X and solar mixings) and surface
gravity, g, (Eq. 2.4). In general, these models assume plane-parallel approximation for the photosphere and the equation of state of an ideal gas
in local thermodynamic equilibrium (LTE). The structure of the atmosphere
is described by a set of differential equations for the hydrostatic and radiation equilibrium. Moreover, for convenience, we can define the relative
surface luminosities in terms of the Eddington luminosity and the effective
temperature, Eqs. 3.1 and 2.2, as:
!4
L
Teff
l=
=
.
(4.3)
LEdd
TEdd
London et al. [Lon86] implemented the first detailed numerical calculation of atmospheric models of a non-magnetic neutron star that included
comptonization, free-free processes (due to ionized hydrogen and helium),
and bound-free absorption (due to K shell transitions from Fe+24 to Fe+25 ),
as sources to atmospheric opacity. In addition, they claimed that bound-free
transitions were not important for bursts close to the Eddington limit. They
used the Kompaneets operator to describe the Compton scattering in the
non-relativistic and isotropic diffusion approximation, which was claimed to
be adequate for hot neutron star model atmospheres with effective temperatures below ∼ 2 keV. Energy transport mechanism besides radiation (e.g.,
convection) were negligenced. They present an investigation of the radiative transfer of the neutron star photosphere for 17 different models, with
effective temperatures ranging from 0.25 to 3 keV, surface gravities log g =
14 and 15 (in cgs units), and helium and iron abundances (Fe/H) from 0
to 1 relative to solar abundance. They assumed that the atmospheres were
in a steady state and in radiative equilibrium, justified by the fact that the
hydrodynamical and thermal time scales within the atmosphere are much
shorter than the time scales over which the observed fluxes vary. They
found that the spectrum significantly differed from a blackbody radiating at
the effective temperature and the differences were associated to effects from
surface cooling. With luminosity ratios (Eq. 4.3) not exceeding 0.8, they
obtained color correction factors in the range 1.39 < fc < 1.76.
In the following year, Ebisuzaki [Ebi87] analytically described the atmospheric structures of X-ray bursters, comparing his models to two observed
sources, MXB 1636-536 and MXB 1608-522. He assumed that the spectrum
deviates from a blackbody due to Compton heating and cooling. He obtained relations for mass, radius and distance of the bursters, deriving two
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possible sets of these parameters, taking into account the 4-1 keV absorption
line, which would be due Cr XXIII (M = 1.7 − 2.0M , R = 11 − 12 km and
D = 6.3 − 6.7 kpc) or due Fe XXV (M = 1.8 − 2.1M , R = 8 − 10 km and
D = 5.8 − 6.4 kpc). In his calculations, he assumed color-correction factor
of fc = 1.34, 0.3 < l < 0.95, and that the surface of the neutron star was
covered with pure helium matter in the decay phases, without any heavy
elements and neglecting any bound-free opacities. His results revealed that
an isothermal outer layer with T > Teff is formed in the photosphere due to
Compton heating of electrons by hot photons coming from deeper layers.
Pavlov et al. [Pav91] developed a numerical model of the photosphere of
X-ray bursts when the bursters are very close to the Eddington limit, with
relative luminosities (Eq. 4.3) ranging 0.9 ≤ l ≤ 0.999. They considered
electron scattering and free-free transitions, assuming that the photosphere
consists of hydrogen and helium. Their results showed a diluted spectrum for
the burster atmosphere, with spectral temperature coinciding to the electron
temperature in an isothermal outer layer formed by Compton heating . The
dilution factor was proportional to fc4 .
In 2004, Madej et al. [Mad04] presented 47 atmosphere models of very
hot neutron stars, where the process of scattering of photons by free electrons was approximated by coherent and isotropic photoelectric collision.
They used the integral description of Compton scattering, employing an
angle-averaged redistribution function. The resulting flux spectrum of the
outgoing radiation took into the account all the bound-free and free-free
monochromatic opacities relevant to the hydrogen-helium chemical compositions, i.e., the effects of Compton scattering of radiation in the thermal
plasma with fully relativistic thermal velocities. Their hydrogen-helium
model atmospheres and flux spectra were computed on a range of effective temperature from 1 × 107 K to 3 × 107 K, and with only one value for
surface gravity, log g = 15.0. They found that all color correction factors
were consistently smaller than 1.9. The group calculated values for the neutron star masses and radii from a direct fitting of the observed X-ray burst
spectrum, proposing a best-fit for a fixed log g and varying l (or Tef f ) and
the gravitational redshift z. The best-fit between all trial log g values would
give the desired g and z, and the mass and radii would be found by the
Eq. 2.10. However, the curves on the M − R planes to the fixed log g and
z reproduced very large uncertainties. In a following paper, [Maj05], they
adopted the same equations to calculate 106 models including iron ions and
adding dozen bound-bound opacities for the highest ions of the iron. Their
results differed significantly from pure hydrogen-helium spectra and from
the blackbody spectra, with color correction factors 1.2 < fc < 1.85.
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Recently, Suleimanov et al. [Sul10] adopted the differential Kompaneets
operators to consider the Compton scattering in 360 atmospheric models
(instead of the more general integral operator for the Compton scattering
kernel). They solved the radiation transfer equation and the hydrostatic
equilibrium equation accounting for the radiation pressure by electron scattering. Their models were computed for six chemical compositions (pure
helium, pure hydrogen, solar hydrogen/helium mix with various heavy elements abundances, Z=1,0.3, 0.1 and 0.01 Z ), and three surface gravities log g = 14.0, 14.3, and 14.6, with relative luminosities ranging from
0.001 ≤ l ≤ 0.98. They calculate the redshifts from log g, by adopting
a neutron mass equal to 1.4M for log g = 14.0, 14.3, 14.6 and getting
R = 14.8, 10.88, 8.16 and z = 0.18, 0.27, 0.42. The emergent spectra of
all the models were redshifted and fitted by a diluted blackbody within 320 keV (RXTE/PCA range). They also suggested a new method for the
determination of the neutron star radii and masses, at late phases of PRE
X-ray bursts, based on the spectral (blackbody) normalization K, Eq. 3.5
and depending only on the color correction factor. Suleimanov et al. (2012)
[Sul12] extended their neutron star atmosphere to 484 models (and l up to
1.06−1.1) using, for the first time, an exact treatment of Compton scattering
via the integral relativistic kinetic equation. In the new approach, the KleinNishima reduction in the electron scattering cross-section led to a decrease
in the radiative acceleration relative to that for the Thomson scattering
cross-section. The values of the color correction factor for the new models
with l < 0.8 were almost identical to the old models based on Kompaneets
operator. However, the comparison to [Mad04] showed dramatic differences
in the spectral shape.
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