Nucleosyn thesis of the Heavy Elemen ts

Three basic processescan be identied by which heavy nuclei can be
built by the continuous addition of protons or neutrons:

p-process(proton)
s-process(slow neutron)
r-process(rapid neutron)

Capture of protons on light nuclei tend to produce only proton-rich nu-
clei. Capture of neutrons on light nuclei produce neutron-rich nuclei, but
which nuclei are produced depends upon the rate at which neutrons are
added. Slow capture producesnuclei near the valley of beta stability, while
rapid capture (i.e., rapid comparedto typical beta-deca timescales)ini-
tially producesvery neutron-rich radioactive nuclei that evertually beta-
decay towards the valley of beta stability. Some nuclei can be built by
more than one process,as illustrated in Fig. 1.
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Figure 1: A small portion of the chart of the nuclides, illus-
trating isotopesbuilt by the three basic processesOnly stable
isotopesare shown, and letters indicate the processeghat can
contribute to theseisotopes.
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Neutron Capture

The di erence between the s-processand r-processnucleosyrhesis is
cortrolled by beta decay rates of nuclei. The s-processpath liesin the valley
of beta stability, but the r-processpath is shifted by many units toward
neutron-richness. Fig. 2 shaws the beta-deca timescales of radioactive
neutron-rich nuclei, the positions of stable nuclei, neutron and proton magic
numbers and the r-processpath.
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Figure 2: Chart of the nuclidesillustrating beta decay timescales
(color), stable isotopes (black squares), magic numbers (hori-
zontal and vertical black lines), the limit of known nuclei (di-
agonaljaggedblack line), and the r-processpath (purple line).
Overlaid are the relative abundancesof r-processnuclei, to il-
lustrate the relation betweenmagic numbers and abundances.

For small neutron velocities v, i.e., energiesup to a tens of keV, neutron
capture crosssectionsvary as / v 1. Thus the product v is roughly



constart for thermal energies. Characteristic crosssectionsare about 100-
1000 millibarns (10 25 10 24 cm?). For temperatures around 30 keV,
thermal velocities of neutrons are about 3 108 cm's 3. Then, the lifetime
of a nucleusagainst neutron capture is
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s-processtimescalesare around 10 yr, while r-processimescalesare around
microseconds,indicating neutron densities of 10° 10° cm 3 and 10?3
10?4 cm 3, respectively. Neutron densitiesintermediate to these might be
expected to yield a nucleosyrihesis pattern intermediate to the s- and r-
processesHowewver, comparisonto solar-systemabundancesindicates that
this has not occurred.
Neutron capture cross sectionsare generally smoothly varying with A
becausea captured neutron hasan excitation energyof about 8 MeV ( '
p 8 MeV) where the density of levelsif very high. Howewer, for light
nuclei or magic number nuclei (N or Z 2 [2; 8; 20; 28; 50; 82; 126]) this is not
the caseand the neutron capture crosssectionare very small, comparatively,
being from 1 to 10 mb.

S-pro cess

A guartitativ e analysiscanbe performedwith the basicassumptionthat,
except for magic number nuclei, beta decay timescalesare all very rapid
compared to the neutron cature rate. The nuclear chain thus indicated
IS unique, becauseone proceedsto heavier nuclei as indicated in Fig. 2,
stepping horizontally until an unstable nucleus is readed, then moving
on a diagonal path increasingthe proton number by 1 and decreasingthe
neutron number by 1. One can let N represert the abundanceof nucleus
A with out referenceto Z, and we can ignore abundancesof radioactive
nuclei. The di erential equation for abundancesis then

Na= < v>ana(t)Na(t)+ < v>a 1nn(t)Na 1(1);

where < v >, is thermally averagedfor ead nucleus A. Under the as-
sumption that / v 1 onecanwrite < v >a vy A wherevy is the
thermal velocity which is a constart. De ning a neutron expsure by

d = vynp(t)dt;



we nd

NR= aNa+ A 1Na 1
This equation can only be solved with a suitable boundary condition. Be-
causeneutron capture cross sectionson light nuclei are so small, we can
e ectively assumethat Nao(0) = O for A < 56 and Na(0) = N5g(0) for
A > 56. On the other hand, for A = 209 the chain cerminates because
Bi209 s the most massie stable nucleus. Nuclei with mass210deca by
decay to mass206. We will ignore this complication.

The above equation hasthe property that Ng <O0ifNA>( Ao 1= A)NA 1
and vice-versa. Thusit is self-regulating: N5 decreasesf it istoo large with
respectto Np 41 andincreasesf it istoo small. If the processoperateslong
enough,it will cometo equilibrium: NAO= 0, in which case

ANA A 1Na 1

In-between the magic numbers, the cross sections are large compared to
their di erences, solocally this is a good approximation to the solution.

Over a large range of A, howewer, this result is a poor approximation,
becauseof the small crosssectionsassaiated with magic nuclei. A proper
generalsoution is a little tricky, but can be analyzed by using the Laplace
transform Z 4

Ny (s) = N (t) e Stdt
0

usingk = A 55. Using the fact that the Laplace transform of a derivative
IS Z 4
NP(t)e Stdt= sK (s) Ny (0);

the transformed equations and boundary condition are:

sKi1 (s) = 1N (s) + N1 (0);
sN(s) = kNk(e)+ « 1Nk 1(9):

The solution of these equations, by substitution, is

N1 (0) Y
I\'Tk(s): 1(0) S+k :
K k
Herethe notation | indicates successie multiplications of argumerts from
subscript k to 1. Sincethe product N is expectedto be smoothly varying,



we chooseto usethat product asthe dependert variable. We de ne
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The solution is then the inverselLaplace transform:
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Figure 3: The distribution function () using = 100.

Left: Shawvn as a function of k for = 0:5012. Right: Shawvn
as a function of for k = 50.

This solution encourters sewere numerical di culties at large atomic
weights. The sum must be taken over about 150terms, which di er greatly
in order of magnitude but still must be included becauseof their near can-
cellations. It is therefore necessaryto nd an approximate solution. To
illustrate the behavior of the exact solution, considerthe idealized casein
which all the crosssectionsare equal, ¢ = . The solution in that case,
starting from

()= (L+s=) k;
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which is a Poisson-like distribution in both k and with maxima at kmax =
+1land max= Ik 1). Thus, asthe neutron exposure increases,

the maximum in the distribution movesto larger values of k. The abun-

dance (distribution width) at the maximum Ny . = Lo 2 ) 17

. . kmax
decreasegincreases)with k.
The approximate solution beginswith this result. If wecan nd numbers
k and my sud that
myg 1

S S
1+ = g 1+ =

k k
for small s, we could write an approximate solution in the generalcaseas

1
()M
k()" k—F——¢ *:

(M)
It can be shown that the constraint that the rst three momerts of ()
for the approximate caseequal that of the generalcase,i.e.,

Z,
k()d =1
0
Z3 X
k()d = P
i
0 1
‘1 2 X 12 X,
K()d =@ A+ i 5
i i
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=1 i <!
M= P2 k=P — 7%
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This solution is valid to better than 10% accuracy which is small compared
to the numerical uncertainty in the experimental products |Ny.

Each function ( ) beginsat zero, risesto a single maximum at some
value y.max and then falls exponertially to zeroat large . Magic numbers



produce abrupt changesin the distributions. Often, results are expressed
in terms of the number of neutrons captured per initial iron seednucleus
instead of , a relationship which depends upon the values of the cross
sectionsin the canture chain.
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Figure 4: The distribution function A for di erent labels of
total neutron irradiation, labelled by n¢, the averagenumber
of neutrons captured per initial seednucleus(Fe).

Each s-processevernt resultsin adi erent abundancepattern becausethe
exposure variesfrom evert to evert. An often-usedapproximation is that
the probability of an evert is equalto Ge ~o° with G and , parameters.
With this approximation, the abundancepatter produced overall will be

YA 1 _ ( )mA 1 A O mp

ANA ' Gpe 0————9e Ad =G —

0 (Ma) 1+ Ao
That sudr a simple model accurately reproduces solar system s-process
abundancesis taken as con rmation of the generalcorrectnessof the ideas.



[ ]
) pylxlep ixl
61\
s N\
Py
Ba NN
~ ¥ L Y
z —=
- X
2 oqd gt ;
E FJ
= \"I“‘r'b—-p-ﬁ.l____!I_-‘.r_"|
® *!‘ B .
l:lE' r T T L T T T T :\?\\
60 B0 100 120 140 160 180 200
ATOMIC MASS

Figure 5: The solar system s-processabundances. The two
curves show theoretical calculations for a single exponertial
distribution of neutron exposures( 2( )) and for a double ex-
potential distribution with dierent timescales( 1( )+ 2( )).

r-pro cess

Extraction of the r-processabundancesrequiresremoval of the cortribu-
tion from the s-process.Howewer, the s-processabundancesare well-t by a
smoothly varying function as described above, so the r-processabundance
pattern can be reliably extracted. It is shavn in Fig. 1, and comparedto
the s-processabundancesin Fig. 6.

In comparisonthe s-process,we can make the assumptionthat the beta-
decay timescaleis long comparedto the neutron capture timescale. In this
case, the capture chain cortinues at xed Z until one goes so far from
the path of beta stability, and the neutron binding energy becomesso low
(practically zero), that further neutron captures are rejected. Then, for
eadt charge Z, there will be a waiting point at which a beta decay must
occur in order to cortinue the chain to larger A. The abundanceat ead
charge Z is governedthen by

1

nz (t) = nz 1(t)  “nz (1);



Figure 6: Comparison of s- and r-processabundancesfrom
solar system (meteoritic) data.

where < is the beta-deca rate at the waiting point for charge Z. The

formal solution of these equationsis like that of the s-process,except that
abundancesare inversely proportional to the beta-decag rate rather than
the neutron-capture rate. Presumably, the slowest beta-decags will be in
conjunction with magic numbers, so the highest abundanceswill thus be
assaiated with magic numbers. Since nuclei evertually beta decay to the
valley of beta stability oncethe r-processis over, the highest abundancesof
r-processnuclei will be shifted to lower N than the magic neutron numbers,
asis indeed obsened in Fig. 1.

Another feature is that the neutron density and the temperature play
an important role in determining the position of the waiting points. The
greaterthe neutron density and the lower the temperature, the more neutron-
rich the waiting points and the r-processcapture path will be. To reproduce
solar system r-processabundancesimplies a xed relation between these
guantities. It is fascinating the the r-processabundancepattern in very old
stars (Fig. 7) is very similar to that of the solar system. This implies that
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there might be one dominant sourcefor the r-processand that this source
has not changedsigni cantly over cosmic history.

Figure 7: Abundance comparison between the ultra metal-
poor halo star CS 22892-052(points with bars) to scaledsolar
system r-processabundances(curve).

We also examine a simple steady- ow model, which should be valid in
the limit of very high neutron abundances,in which ssions and photo-
disintegrations are disregarded. The only operative processesare beta de-
cays and neutron captures. The ewlution of nucleus(Z;A) is

WEA - A nza D+ 2Nz 1A)
ZAN (Z:A)  ZAN (Z:A):

Note our change of notation ﬁ;A 1o A 1. Now sum over all the isobars

of an isobaric chain A, for which the abundanceis N (A):

dN(A) _ A

1 A .
S = AN D AN
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where
X z:AN (Z;A)
n - . < .
N (A
Z  Znin(A) (A)

The ratio N (Z; A)=N (A) is the cortribution of nucleus(Z; A) to the isobaric
chain A, and is a function of the branching ratio betweenits -decay and
neutron capture probabilities:

5>

Z:A
N (Z;A) _

N(A) | ZA, ZA

Then, the steady state solution of the above is

Z:A 7Z<A
N X
N(A)= 2= Ng@ i

7 A z-AA !
z t o

where Ng is a normalization constart.

Figure 8: Comparison of r-processabundancesfrom solar-
system meteoritic data with the high-density neutron o w ap-
proximation.
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The sourceof the r-processis not a settled question. The two compet-
ing sitesare in Type Il supernova and in the mergersof neutron stars with
other neutron stars or black holesin compactbinaries. While the latter site
seemanore speculative, we do no that sudh compact binaries exist and that
mergerswill occur on timescalesas short as 10 million years,comparableto
the lifetimes of very massiwe stars responsiblefor Type |l supernovae. Mod-
els have indicated that mergerscould result in the ejection of hundredths
of a solar massof neutron star matter, which upon its decompressionwill
produce r-processnuclei.

Supernovae have a di cult y in that their ejectadoesnot seemto be suf-
ciently neutron-rich to drive an e ectiv e r-process,at least one capable of
producing nuclei assaiated with the last neutron magic number. The prob-
lem is that the prodiguousneutrinos emitted from the proto-neutron star on
the seeral secondtimescaleassaiated with the r-processhave nearly equal
uxes of neutrinos and anti-neutrinos. This meansthat neutrino capture
reactionstend to equilibrate the neutron and proton number densities, pre-
verting a large neutron excessfrom deweloping. Howewer, an advantage to
the supernova site is that only a very small massof r-processnuclei, about
10 ®M per explosion,would be requiredto yield solar systemabundances.
Mergersrequire about 0.01 M or more per merger.

p-pro cess

There are 32 stable proton-rich nuclei which are shieldedagainst neutron
capture that can be found in nature. While the p-processpossibly occurs
in Type Il supernova explosions, accretion onto neutron star surfacesre-
sulting in Type | X-ray bursts has been shavn to produce some of these
nuclei as well. Furthermore, obsened timescalesof these bursts bear good
relationship to expected p-processtimescales.
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Nuclear Cosmo chronology

There are seeral long-lived isotopesthat can be usedto model the his-
tory of nucleosyrhesisin the universe. Theseinclude 1129 (0.0169), Pu244
(0.082), U23°(0.713), U238 (4.51), Th232 (13.9) and Rel®7 (40.), where the
half-lives are given in Gyr in parerntheses. The rst two have half livesso
short that no detectable quartites exist today, but their presencein the
early solar system can be inferred from anomalies of isotopic abundances
into which they decay. The other nuclei occur in the Earth and in mete-
orites. It is generallyassumediucleosyrthesisoccurred over a period of time
T roughly equalto the ageof the galaxy or its disc. SoT 10 Gyr. This
duration T is followed by aninterval T, of order 10® yr, which represerts
the time required for the solidi cation of the solid bodiesin the solar system
(i.e., meteorites). During T, all radioactivities decay exponertially, and
the extinct radioactivities are measuredby the amounts of xenon gasinto
which they decay that is trapp ed within the meteorites. Note that ead of
theseradioactive isotopesare produced by the r-process.

Considerthe two U isotopes. The relative abundancestoday of 235/238
Is 0.00723,and cannot have been a ected by chemical processes. So the
isotopic ratio 4.6 Gyr ago was about 0.31. If all the U was producedin a
single evert, with a production ratio R estimated to be between 1.4 and
1.8, this yields a time

No3zg
T=( 238 239 ‘log 2:5 Gyr
RN235

or a total age of about 7 Gyr. On the other hand, if the production of U
isotopes has proceededuniformly, then

|
Nogs _ o 235 € 28l 1,

10 Gyr;

N23g 238 € 23T 1 y
or production started about T+ 4:6 Gyr = 15Gyr ago. (Notee 172 = 1=2,
or = 1éln 2.) Thesetwo approximations bracket all realistic models.

Supposethe production rate of r-processisotopesdecreasesise ! over

the interval T, sothat = O[1 ] corresponds to uniform [sudden] nucle-
osyrthesis. Then, the ratio of two isotopes after a time T IS

N el BT 1

A ) =R A
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