Feautrier's Metho d for Radiativ e Transfer

This project is to use Feautrier's method to solve the Gray Atmosphere
problem for a plane-parallel atmosphere. Although we have deweloped al-
ternate techniques for solving this problem, the extension from the gray
atmospheresituation to the generalproblem in which the opacities are fre-
guencydependert becomesa formidable problem. The technique developed
here can be extendedto the frequency-dendernt casemore easily.

A gray atmospherelacks frequency dependence.The problemisto nd
the intensity as a function of depth and angle; in particular, to nd the
outgoing intensity as a function of angle. The equation of transfer is

TEDaicy sh=10) B
where we can use the gray relation S = B. We begin by assumingthat
B( ) is known, and later implement a better alogrithm. For this problem,
assumeit is given by
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B()= 4F + 3
whereF is the (constart) ux. At the end of this project, you will compute
F to determine how accurate this approximation is. In the real world, you
would then have to alter the above approximation to ensurethat F remains
constart through the atmosphere. By sud iterations, the full atmosphere
model is then found. Also, in the realworld, S 6 B and onehasto make use
of opacity information, which is alsoa function of density. To determine the
density, the equation of hydrostatic equilibrium hasto be used. Howewer, in
this project, we will neither considerthis complication, nor do this iteration.
It is customary to divide the intensity into outgoing and ingoing streams,
sothat the variable is now a positive quantity:
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We can combine them to eliminate v:

2 .
) < uiy 8O

The boundary conditions on | are taken to be that of no incoming ux
at the surface,and the di usion approximation at the atmosphere'sbase:
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We ignore secondand higher derivatives of B. The boundary conditions

become
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To solve these equations, we must discretize them. Chooseanglesbased
upon Gauss-Legendrequadrature (for ease,choose3 positive and 3 negative
valuesfor ;). Choose optical depths ranging from 0 to, say, 10, with a
xed interval of = 0:1. Thus j+1 ; . It would be better in general
to chooseln for the independen variable for accuracy's sake, but this
complicates the algebra and a linear grid is su cien t here. We can write
the system of equationsfor 1< i < N) as

Aijui 1 + Dijuij - GijUisj = Ei: (2)
For2 i N 1onehas,using certral di erencing,
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Near = 0, weexpandu in a Taylor series:
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Multiplying this by =, we can identify
_ _ _ . _ . _B1 .
Agj =0 Dygj=1+ = +Z, Cyj = j= 3 El—ﬁ-
At the other boundary, we nd
Anj = j= 172 Dnj=1=2+ j= 5 Cyj =0
En = By 172+ j= + By 1 172 j=
Eqg. (2) is linear, and we can use a substitution scheme similar to that
of the Henyey technique. Assumefor ead |, using the shorthand u; = uj; ,
Ui = j+1 * j+1Uj+1- (3)
By substitution, one nds
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Beginning at the surface, » = C1=D4 sinceA1 = 0. Now onecandetermine
all jsand jsuptoi= N+ 1. In turn, oneusesEq. (3) to obtain ead u;
fromi=Ntoi=1
After the u;s are determined, one reconstructs the ux:
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Here,w; arethe Gauss-Legendraveights, and the sumsare only over postive

valuesofj. To nd uij = (du=d );;j , usethe discretized relation
o _ Ui+1;j Ui 1
whichisvalidfor2 i N 1. Forthe boundariesTaylor-seriesexpansions
can be used:
o _ 4uzj 3ug ugj, 0 - 3Unj*tUn 2§ AN 1.
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For somereason,using the simpler result from the inner boundary condition
that u?.j = Ug;j= j producesaninstability in the iterations described below.

How constart is F as a function of depth? Fig. 1 shaws that near the
surface,the ux is especially poorly determined. To ensurethat F remains
constart as a function of depth, it is necessaryto alter the approximation
B = (83F=4)( + 2=3). This procedureis commonly known as -iteration,
since is the operator that yields S.
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Figure 1: The model ux F.,oq asa function of optical depth
for casesof di erent angular resolutions, m = 1; 3; 5. Improve-
ment with increasingm is slow.

In the gray atmospherecase,the constancy of the ux implies B = J,
so one procedurewould be to update B by using

X J

Once this value for B is usedin the Feautrier scheme, new values for uj;
are determined. This iteration must be repeated until corvergence.Unfor-
tunately, typically thousands of iterations are necessary(seeFig. 2). This



happensbecauseat large optical depth, we will always nd J! B no mat-
ter what, and the changesin B are exponertially small. Note that the ux
was not usedin the computation of the correction of B.

Figure 2: iteration for di erent angular resolutions. Each
curve shows the result of 10 successie iterations. Results for
m = 1(5) are shifted by +0.01 (-0.01); somewhat better con-
vergencewith increasingm is evidert.

A better approad is the so-calledUnseld-Lucy procedure. Begin with
the transfer equation and its rst two momerts, in the gray casewith no
scattering, in which caseS = B:
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SinceB is not the correct sourcefunction, F will not be constart. Integrate
the last of the above relations: -
1 0.0. 1
K = - F d "+ =C,;
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where C is a constart. Now usethe Eddington approximation J = 3K, and
C can be found if we furtherf\pproximate J(0) = F(0)=2; so
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The rst momert equation becomes
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Now, the correction B( ) should be that which makesF constart:
3 o, 1
B()' - Fd“ ™+ _-F + B();
whereF is thezcorrect, constart, ux. So,
1d[F () F 1.
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Even though we used a number of approximations, the correction term
usesonly ux information, so that cornvergenceto the proper solution is
guaranteed. This technique works well (Fig. 3). Note the expandedscale

of the abcissain Fig. 3. Typically, only 5 or 6 iterations are adequate.
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Figure 3: Unseld-Lucy iteration. Each curve represers the
result of 1 successie iteration. Resultsfor m = 1(5) are shifted
by +0.0001 (-0.0001).



