
AST 443 / PHY 517

A Primer on Spherical Geometry



Spherical Trigonometry

• On a plane, the sum of the three angles of a 
triangle equals 180o

• On a sphere, the sum of the three angles of a 
triangle exceeds 180o

– Draw a triangle from a pole to the equator on any line 
of longitude (a meridian). 

– Return to the equator on another meridian. 
– Meridians intersect lines of latitude with right angles. 
– Therefore the sum of the 3 angles must exceed 180o

(and can reach 720o)    



Spherical Trigonometry

• The sides of the triangle are measured in 
angles. 

• The arc length is the angle subtended by the 
arc as seen from the center of the sphere. 
– The line of longitude running from the North Pole 

to Stony Brook has a length of about 50 degrees.
– The line of longitude running from the North Pole 

to the Equator is 90o long. 



Great Circles

• Great circles are the intersec;on of the surface of 
a sphere with a plane which contains the center 
of the sphere.

• A great circle has an arc length of 360°
• Meridians are great circles.
• Parallels (lines of la;tude) are not, excep;ng the 

equator
• The shortest distance between two points on a 

sphere is always the great circle distance between 
them  



Solving the Spherical Triangle
The spherical triangle has sides a, b, and c, and opposing angles A, B, and C. 
Given any three of these quantities, it is possible to solve the entire triangle. 
The major relations are: 
• The law of Sines: 

sin(a)/sin(A) = sin(b)/sin(B) = sin(c)/sin(C)
– This is analogous to the planar law of sines, with the side length a replaced by the 

arc sin(a). 
– Use this when you know a side and the opposite angle. 

• The Law of Cosines: 
cos(a) = cos(b)cos(c) + sin(b)sin(c)cos(A), or 
cos(A) = -cos(B)cos(C) + sin(B)sin(C)cos(a)
– This is analogous to the planar law of cosines, a2 = b2 + c2 - 2bc cos(A) 
– Use this when you know 2 sides and the included angle, or 2 angles and the 

included side.
• Identities:

sin2(A)+cos2(A)=1
Angles sum linearly



Solving the Spherical Triangle
The trick in solving spherical triangles often lies in finding 
a solvable triangle. This may not be the one you want to 
solve.

• First, look for a right spherical triangle (one with at 
least one right angle). This greatly simplifies both the 
laws of sines and cosines. 

• Given a latitude (the arc from the equator to the point 
along a line of longitude), you also know know the co-
latitude, the length of the arc from the point to the 
pole.

• Be sure to work in uniform units. RA is in units of time.



Coordinate TransformaBons

Equatorial to/from Ecliptic
• cos(δ) cos(α) = cos(β) cos(λ)
• cos(δ) sin(α) = cos(β) sin(λ)cos(ε) - sin(β)sin(ε)
• sin(δ) = cos(β) sin(λ) sin(ε) + sin(β) cos(ε)

• cos(β)sin(λ) = cos(δ) sin(α) cos(ε) + sin(δ) sin(ε)

• sin(β) = sin(δ) cos(ε) - cos(δ) sin(α) sin(ε)   



Coordinate Transformations
Equatorial to/from Alt-Az
• cos(a) sin(A) = -cos(δ) sin(h)
• cos(a) cos(A) = sin(δ)cos(φ) - cos(δ) cos(h) sin(φ)
• sin(a) = sin(δ) sin(φ) + cos(δ) cos(h) cos(φ)

• cos(δ) sin(h) = sin(a) cos(φ) – cos(a) cos(A) sin(φ)
• sin(δ) = sin(a) sin(φ) + cos(a) cos(A) sin(φ)

– H: hour angle (LST – RA)
– A: azimuth           a: al9tude 
– φ: observer’s la9tude   



Tangent Plane Geometry

Most astronomical images are flat representations 
of a curved surface
• We measure 2-dimensional positions (X,Y) on a

flat image
• How to you convert to RA,Dec on the curved sky?
You use Tangent-Plane geometry
• Note: for sufficiently small areas, the sky is 

effectively flat and linear approximations are OK



Tangent Plane Geometry

• The tangent point is where the flat image is tangent to
the curved sky

• The tangent point need not be the center of your
image

• The tangent point is (aTP , dTP)
• The Image center is (aC , dC) = (0,0)
• S is the plate scale (rad/deg, or equivalent)

• See Smart, W.M. Textbook on Spherical Astronomy, 
Chapter XII, for a Derivation. Solutions follow.



Tangent Plane Geometry
a,d to X,Y

• spx=cos(d)*sin(a-aTP)
• cp=sin(d)*sin(dTP)+cos(d)*cos(dTP)*cos(a-aTP)
• spy=sin(d)*cos(dTP)-cos(d)*sin(dTP)*cos(a-aTP)

• X = spx/cp/s
• Y = spy/cp/s

• When a-aTP , X = 0
• When d = dTP , Y ~ 0



Tangent Plane Geometry
X,Y to a,d

• h=-x*s   ( convert X to arcsec)
• x=y*s     ( convert Y to arcsec)
• q=atan(h/x)
• f=atan(√(h2+x2))
• d=asin[sin(dTP)*cos(f)+cos(dTP)*sin(f)*cos(q)]

If Y=0, q=p/2 and cos(q)=0. For small h, d= dTP



Diurnal MoBons
Definitions:
• φ: Observer's geodetic latitude 

– Angle between normal and equator
• δ: declination of target 
• zs: zenith angle at upper transit 

• zs = |φ - δ| 
• Stars are circumpolar if δ > (90 - φ) 
• The time a star is above the horizon is twice the semi-diurnal arc, h0, which 

is the hour angle of the rising star (elevation = 0o), or cos(h0) = -tan(δ) tan(φ)
– h0 is 6 hours (90o) for a star on the equator, or for all stars if the observer is on 

the equator. 
• The evening/morning elongation, the azimuth of the rising or setting star, is 

given by cos(A0) = -sin(δ)/cos(φ)
– A0 is undefined at the poles (star do not rise or set), and that stars at the 

observer's latitude rise in the East and set in the West.
– A0 is measured from the south for northern observers. 


